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WHAT IS OPERATIONS RESEARCH ?

1.1 INTRODUCTION : THE HISTORICAL DEVELOPMENT I

In order to understand ‘what Operations Research (OR)* is today,” we must know something of its history and
evolution. The main origin of Operations Research was during the Second World-War. At that time, the
military management in England called upon a team of scientists-to study the strategic and tactical problems
related to air and land defence of the country. Since they were having very limited military resources, it was
necessary to decide upon the most effective utilization of them, e.g. the efficient ocean transport, effective
bombing, etc:

During World-War II, the Military Commands of U.K. and U.S.A. engaged several inter-disciplinary
teams of scientists to undertake scientific research into strategic and tactical military operations. Their mission
was to formulate specific proposals and plans for aiding the Military Commands to arrive at the decisions on
optimal utilization of scarce military resources and efforts, and also to implement the decisions effectively.
The OR teams were not actually engaged in military operations and in fighting the war. But, they were only
advisors and significantly instrumental in winning the war to the extent that the scientific and systematic
approaches involved in OR provided a good intellectual support to the strategic initiatives of the military
commands. Hence OR can be associated with “an art of winning the war without actually fighting it”.

As the name implies, ‘Operations Research’ (sometimes abbreviated OR) was apparently invented
because the team was dealing with research on (military) operations. The work of this team of scientists was
named as Operational Research in England. :

The encouraging results obtained by the British OR teams quickly motivated the United States military
management to start with similar activities. Successful applications of the U.S. teams included the invention of
new fight patterns, planning sea mining and effective utilization of electronic equipment. The work of OR
team was given various names in the United States : Operational Analysis, Operations Evaluation,
Operations Research, Systems Analysis, Systems Evaluation, Systems Research and Management Science.
The name Operations Research was and is the most widely used so we shall also use it here.

Following the end of war, the success of military teams attracted the attention of Industrial managers who.
were seeking solutions to their complex executive-type problems. The most common problem was : what
methods should be adopted so that the total cost is minimum or total profits maximum ? The first mathematical
technique in this field (called the Simplex Method of linear programming) was developed in 1947 by American
mathematician, George B. Dantzig. Since then, new techniques and applications have been developed
through the efforts and cooperation of interested individuals in academic institutions and industry both.

Today, the impact of OR can be felt in many areas. A large number of management consultimg firms are
currently engaged in OR activities. Apart from military and business applications, the OR activities include
transportation system, libraries, hospitals, city planning, financial institutions, etc. Many of the Indian
industries making use of OR activity are : Delhi Cloth Mills, Indian Railways, Indian Airlines, Defence
Organizations, Hindustan Lever, Tata Iron & Steel Co., Fertilizer Corporation of India, etc.

In business and other organizations, OR scientists and specialists always remain enagaged in the
background. But, they help the top management officials and other line managers in doing their ‘fighting’ job
better. :

* The short word ‘OR’ for ‘Operations Research’ should not be confused with the word ‘or’ throughbut the book.
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While making use of the techniques of OR, a mathematical model of the problem is formulated. This
model is actually a simplified representation of the problems in which only the most important features are
considered for reasons of simplicity. Then, an optimal or most favourable solution is found. Since the model is
an idealized form of exact representation of real problem, the optimal solution thus obtained may not prove to
be the best solution to the actual problem. Although, extremely accurate but highly complex mathematical
models can be developed, but they may not be easily solvable. So from both the cost-minimising and
mathematical simplicity point of view, it seems beneficial to develop a less accurate but simpler model, and to
find a sequence of solutions consisting of a series of increasingly better approximations to the actual course of
action. Thus, the apparent weaknesses in the initial solution are used to suggest improvements in the model, its
input-data, and the solution procedure. A new solution is thus obtained and the process is repeated until the
further improvements in the succeeding solutions become so small that it does not seem economical to make
furtherimprovements.

If the model is carefully formulated and tested, the resulting solution should reach to be good
approximation to the ideal course of action for the real problem. Although, we may not get the best answers,
but definitely we are able to find the bad answers where worse exist. Thus operations research techniques are
always able (0 save us from worse situations of practical life.

Q. 1. Comment the following statements : [Rewa (Maths.) 93]
(i) O.R.is the art of winning war without actually fighting it.
(if) O.R.is the art of finding bad anspvers where worse exist.
2. WhatisO.R.? [Garhwal 97, 96; Meerut (IPM) 90}
3. Enumerate six applications of Operations Research (O.R.) and describe one briefly. [IGNOU 2001 (June)]

| 1.2 THE NATURE AND MEANING OF ‘OR’ |

[iPM (PGDBA)* 82, 81; Meerut (Math.) 82]
‘OR’ has been defined so far in various ways and it is perhaps still too young to be defined in some
authoritative way. So it is important and interesting to give below a few opinions about the definition of OR
which have been changed according to the development of the subject. '
1.. OR is a scientific method of providing executive departments with a quantitative basis for decision
regarding the operations under their control. ~—Morse and Kimbal (1946)
2. ORisascientific method of providing executive with an analytical and objective basis for decisions.
—P.M.S. Blackett (1948)
3. The term ‘OR’ has hitherto-fore been used to connate various attempts to study operations of war by
scientific methods. From a more general point of view, OR can be considered to be an attempt to study
those operations of modern society which involved organizations of men or of men and machines.
—P.M. Morse (1948)
4. ORis the application of scientific methods, techniques and tools to problems involving the operations of
systems s0 as to provide these in control of the operations with optimum solutions to the problem.
—Churchman, Acoff, Arnoff (1957)
5. ORis the art of giving bad answers to problems to which otherwise worse answers are given.
‘ ~-T. L. Saaty (1958)
6. OR is a management activity pursued in two complementary ways—one half by the free and bold exercise
of commonsense untrammelled by any routine, and other half by the application of a repertoire of well
established precreated methods and techniques. —Jagjit Singh (1968)
7. OR is the artack of modern methods on complex problems arising in the direction and management to
large systems of men, machines, materials, and money in industry, business and defence. The distinctive
approach is to developed a scientific model of the system, incorporating measurements of factors such as

* Wherever the name of the examination is not mentioned in the University Examination references, it should be understood
M.A/M.Sc. throughout the book.

* IPM = Institute of Productivity Management. PGDBA = Post-Graduate Diploma in Business Administration.

* The symbol Q. will stand for ‘'EXAMINATION QUESTIONS' throughout the book.
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chance and risk-with which to predict and compare the outcomes of alternative decisions, strategies or

controls. The purpose is to help management to determine its policy and actions scientifically.
—Operations Research Quarterly (1971)

Operations Research is the art of winning war without actually fighting it.

OR is an applied decision theory. It uses any scientific mathematical or logical means to attempt to cope

with the problems that confront the executive when he tries to achieve a through going rationality in

dealing with his decision problems. —Miller and Starr.
ORis a scientific approach to problem solving for executive management. —H.M. Wagner
OR is an aid for the executive in making his decisions by providing him with the needed quantitative
information based on the scientific method of analysis. —C. Kittel

OR is the systematic method oriented study of the basic structure, characteristics, functions and
relationships of an organization to provide the executive with a sound, scientific and quantitative basis for
decision making. —E.L. Arnoff & M.]. Netzorg
OR is the application of scientific methods to problems arising from operations involving integrated
systems of men, machines and materials. It normally utilizes the knowledge and skill of an
inter-disciplinary research team to provide the managers of such systems with optimum operating
solutions. —Fabrycky and Torgersen
OR is an experimental and applied science devoted to observing, understanding and predicting the
behaviour of purposeful man—machine systems and OR workers are actively engaged in applying this
knowledge to practical problems in business, government, and society. —OR Society of America
OR is the application of scientific method by inter-disciplinary teams to problems involving the controls
of organized (man-machine) systems so as to provide solutions which best serve the purpose of the
organization as a whole. —Ackoff & Sasieni, (1968)
OR utilizes the planned approach (updated scientific method) and an inter-disciplinary t€am in order to
represent complex functional relationships as mathematical models for purpose of providing a
quantitative basis for decision making and uncovering new problems for quantitative analysis.
—Thieanf and Klekamp (1975)

Comments on Definitions of OR :

From all above opinions, we arrive at the conclusion that whatever else ‘OR’ may be, it is certainly

concerned with optimization problems. A decision, which taking into account all the present

circumstances can be considered the best one, is called an optimal decision. (Note)

There are three main reasons for why most of the definitions of Operations Research are not satisfactory.

(i) First of all, Operations Research is not a science like any well-defined physical, biological, social
phenomena. While chemists know about atoms and molecules and have theories about their
interactions; and biologists know about living organisms and have theories about vital processes,
operations researchers do not claim to know or have theories about operations. Operations Research
is not a scientific research into the control of operations. It is essentially a collection of mathematical
techniques and tools which in conjunction with a system approach are applied to solve practical
decision problems of an economic or engineering nature. Thus it is very difficult to define Operations
Research precisely.

(ii) Operations Research is inherently inter-disciplinary in nature with applications not only in military
and business but also in medicine, engineering, physics and so on. Operations Research makes use of
experience and expertise of people from different disciplines for developing new methods and
procedures. Thus, inter-disciplinary approach is an important characteristic of Operations Research
which is not included in most of its definitions. Hence most of the definitions are not satisfactory.

(iii) Most of the definitions of Operations Research have been offered at different times of development of
‘OR’ and hence are bound tg emphasise its only one or the other aspect.

For example, 8th of the above definitions is only concerned with war alone. First definition confines
‘OR’ to be a scientific methodology applied for making operational decisions. It has no concern about
the characteristics of different operational decisions and has not described how the scientific methods
are applied in complicated situations. Many more definitions have been given by various authors but
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most of them fail to consider all basic characteristics of ‘OR’. However, with further development of
‘OR’ perhaps more precise definitions should be forthcoming.

Q. 1. (a) Give any three definitions of Operatiuns Research and explain them.
' [J.N.T.U. (B. Tech.) 2003; Meerut (IPM) 91; Meerut (O.R.) 90]

{(b) Give reasons for : why most of the definitions of Operations Research are not satisfactory.
2. Discuss the three approaches of MIS development. , [CA (May) 2000]
3. What are the pre-requisites of a computer based MIS ? [MCI 2000}

r1.3 MANAGEMENT APPLICATIONS OF OPERATIONS RESEARCH

Some of the areas of management decision making, where the ‘tools’ and ‘techniques’ of O R are applied, can
be outlined as follows :
1. Finance-Budgeting and Investments
(i) Cash-flow analysis, long range capital requirements, dividend policies, investment portfolios.
(ii) Credit policies, credit risks and delinquent account procedures.
(iii) Claim and complaint procedures.
2. Purchasing, Procurement and Exploration
(i) Rules for buying, supplies and stable or varying prices.
(ii) Determination of quantities and timing of purchases.
(iii) Bidding policies.
(iv) Strategies for exploration and exploitation of raw material sources.
(v) Replacement policies.
3. Production Management
(1) Physical Distribution
(a) Location and size of warehouses, distribution centres and retail outlets.
(b) Distribution policy.
(ii) Facilities Planning
(a) Numbers and location of factories, warehouses, hospitals etc.
(b) Loading and unloading facilities for railroads and trucks determining the transport schedule.
(iii) Manufacturing
(a) Production scheduling and sequencing.
(b) Stabilization of production and employment training, layoffs and optimum product mix.
(iv) Maintenance and Project Scheduling
(a) Maintenance policies and preventive maintenance.
(b) Maintenance crew sizes.
(c) Project scheduling and allocation of resources.
4. Marketing
(1) Product selection, timing, competitive-actions.
(if) Number of salesman, frequency of calling on accounts per cent of time spent on prospects.
(iii) Advertising media with respect to cost and time.
5. Personnel Management ‘
(i) Selection of suitable personnel on minimum salary.
(ii) Mixes of age and skills.
(iii) Recruitment policies and assignment of jobs.
6. Research and Development
(i) Determination of the areas of concentration of research and development.
(it) Projectselection.
(iii) Determination of time cost trade-off and control of development projects.
(iv) Reliability and alternative design.



UNIT 1: WHAT IS OPERATIONS RESEARCH ?/ 7

From all above areas of applications, we may conclude that OR can be widely used in taking timely
management decisions and also used as a corrective measure. The application of this tool involves certain data and
not merely a personality of decision maker, and hence we can say : OR has replaced management by personality.

Q. 1. “Operations Research replaces Management by personality.” Discuss.

2. Explain applications of O.R. in Industry. [Garhwal 97; Karnataka 95)
3. Describe the various approaches used for development of MIS. [MCI 2000}
I 1.4 MODELLING IN OPERATIONS RESEARCH l

Definition. A model in the sense used in OR is defined as a representation of an actual object or situation. It
s}h;ws the relationships (direct or indirect) and inter-relationships of action and reaction in terms of cause and
effect.

Since amodel is an abstraction of reality, it thus appears to be less complete than reality itself. For amodel to be
complete, it must be a representative of thosc aspects of reality that are being investigated.

The main objective of a model is to provide means for analysing the behaviour of the system for the purpose of
improving its performance. Or, if a system is not in existence, then a model defines the ideal structure of this future
system indicating the functional relationships among its elements. The reliability of the solution obtained from a
model depends on the validity of the model in representing the real systems. A model permits to ‘examine the
behaviour of a system without interfering with ongoing operations.

Models can be classified according to following characteristics :

1. Classification by Structure

(i) Iconic models. Iconic models represent the system as it is by scaling it up or down (i.e., by enlarging or
reducing the size). In other words, it is an image. '

For example, a toy airplane is an iconic model of a real one. Other common examples of it are : photographs,
drawings, maps etc. A model of an atom is scaled up so as to make it visible to the naked eye. In a globe, the
diameter of the earth is scaled down, but the globe has approximately the same shape as the earth, and the relative
sizes of continents, seas, etc., are approximately correct. ‘

The iconic model is usually the simplest to conceive and the most specific and concrete. Its function: is
generally descriptive rather than explanatory. Accordingly, it cannot be easily used to determine or predict what
effects many important changes on the actual system. ,

(ii) Analogue models. The models, in which one set of properties is used to represent another set of properties,
are called analogue models. After the problem is solved, the solution is reinterpreted in terms of the original system.

For example, graphs are very simple analogues because distance is used to represent the properties such as :
time, number, per cent, age, weight; and many other properties. Contour-lines on a map represent the rise and fall of
the heights. In general, analogues are less specific, less concrete but easier to manipulate than are iconic models.

(iii) Symbolic (Mathematical) models. The symbolic or mathematical model is one which employs a set of
mathematical symbols (i.e., letters, numbers, etc.) to represent the decision variables of the system. These variables
are related together by means of a mathematical equation or a set of equations to describe the behaviour (or
properties) of the system. The solution of the problem is then obtained by applying well-developed mathematical
techniques to the model.

The symbolic model is usually the easiest to manipulate experimentally and it is most general and abstract. Its
function is more often explanatory rather than descriptive.

2. Classification by Purpose :

Models can also be classified by purpose of its utility. The purpose of a model may be descriptive, predictive or
prescriptive.

(i) Descriptive models. A descriptive model simply describe some aspects of a situation based on
observations, survey, questionnaire results or other available data. The result of an opinion poll represents a
descriptive model. '

(ii) Predictive models. Such models can answer ‘what if* type of questions, i.e. they can make predictions
regarding certain events. For example, based on the survey results, television networks such models attempt to
explain and predict the election results before all the votes are actually counted.

(iii) Prescriptive models. Finally, when a predictive model has been repeatedly successful, it can be used to
prescribe a source of action. For example, linear programming is a prescriptive (or normative) model because it
prescribes what the managers ought to do.
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3. Classification by Nature of Environment

These are mainly of two types :

(i) Deterministic models. Such models assume conditions of complete certainty and perfect knowledge.
For example, linedr programming, transportation and assignment models are deterministic type of models.

(ii) Probabilistic (or Stochastic) models. These types of models usually handle such situations in which
the consequences or payoff of managerial actions cannot be predicted with certainty. However, it is possible to
forecast a pattern of events, based on which managerial decisions can be made. For example, insurance
companies are willing to insure against risk of fire, accidents, sickness and so on, because the pattern of events
have been compiled in the form of probability distributions. :

4. Classification by Behaviour

(i) Static models. These models do not consider the impact of changes that takes place during the
planning horizon, i.e. they are independent of time. Also, in a static model only one decision is needed for the
duration of a given time period.

(ii) Dynamic models. In these models, time is considered as one of the important variables and admit the
impact of changes generated by time. Also, in dynamic models, not only one but a series of interdependent
decisions is required during the planning horizon.

5. Classification by Method of Solution

(i) Analytical models. These models have a specific mathematical structure and thus can be solved by
known analytical or mathematical techniques. For example, a general linear programming model as well as
the specially structured transportation and assignment models are analytical models.

(ii) Simulation models. They also have a mathematical structure but they cannot be solved by purely
using the ‘tools’ and ‘techniques’ of mathematics. A simulation model is essentially computer assisted
experimentation on a mathematical structure of a real time structure in order to study the system under a
variety of assumptions.

Simulation modelling has the advantage of being more flexible than mathematical modelling and hence can be
used to represent complex systems which otherwise cannot be formulated mathematically. On the other hand,
simulation has the disadvantage of not providing general solutions like those obtained from successful
mathematical models.

6. Classification by Use of Digital Computers

The development of the digital computer has led to the introduction of the following types of modelling in OR.

(i) Analogue and Mathematical models combined. Sometimes analogue models are also expressed in terms
of mathematical symbols. Such models may belong to both the types (ii) and (iii) in classification 1 above.

For example, simulation model is of analogue type but mathematical formulae are also used in it. Managers
very frequently use this model to ‘simulate’ their decisions by summarizing the activities of industry in a
scale-down period.

(ii) Function models. Such models are grouped on the basis of the function being performed.

For example, a function may serve to acquaint to scientist with such things as-tables, carrying data, a
blue-print of layouts, a program representing a sequence of operations (like in computer programming).

(iii) Quantitative models. Such models are used to measure the observations.

For example, degree of temperature, yardstick, a unit of measurement of length value, etc.

Other examples of quantitative models are : (i) transformation models which are useful in converting a
measurement of one scale to another (e.g., Centigrade vs Fahrenheit conversion scale), and (ii) the test models
that act as ‘standards’ against which measurements are compared (e.g., business dealings, a specified standard
production control, the quality of a medicine).

(iv) Heuristic models. These models are mainly used to explore alternative strategies (courses of action) that
were overlooked previously, whereas mathematical models are used to represent systems possessing well-defined
strategies. Heuristic models do not claim to find the best solution to the problem.

Q. 1. Model building is the essence of the ‘O.R. approach’. Discuss.
2. Discuss in detail the three types of models with special emphasis on the important logical properties and the relationship

the three types bear to each other and to modelled entities. [Meerut (OR) 90]
3. What is meant by a mathematical model of real situation ? Discuss the importance of models in the solution of
Operational Research probems ? [Bhuwneshwar 2004)

4. Whatis amodel ? Discuss various classification schemes of models. [Agra 95, 94; C.A. (May) 92; Meerut (IPM) 90]
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1.5 PRINCIPLES OF MODELLING ' |

Let us now outline general principles useful in guiding to formulate the models within the context of OR. The
model building and their users both should be consiously aware of the following Ten principles :

1.

Do not build up a complicated model when simple one will suffice. Building the strongest possible model
is a common guiding principle for mathematicians who are attempting to extend the theory or to develop
techniques that have wide applications. However, in the actual practice of building models for specific
purposes, the best advice is to “keep it simple”.

Beware of molding the problem to fit the technique. For example, an expert on linear programming
techniques may tend to view every problem he encounters as required in a linear programming solutions.
In fact, not all optimization problems involve only linear functions. Also, not all OR problems involve
optimization. As a matter of fact, not all real-world problems call for operations research ! Of course,
every one search reality in his own terms, so the field of OR is not unique in this regard. Being human, we
rely on the methods we are most comfortable in using and have been most successful within the past. We
are certainly not able to use techniques in which we have no competence, and we cannot hope to be
competent in all techniques. We must divide OR experts into three main categories :

(i) Technique developers, (ii) Teachers, and (iii) Problem solvers.

In particular, one should be ready to tolerate the behaviour “I have found a cure but I am trying to search a
disease to fit it” among technique developers and teachers.

The deduction phase of modelling must be conducted rigorously. The reason for requiring rigorous
deduction is that one wants to be sure that if model conclusions are inconsistent with reality, then the
defect lies in the assumptions. One application of this principle is that one must be extremely careful when
programming computers. Hidden “bugs” are specially dangerous when they do not prevent the program
from running but simply produce results which are not consistent with the intention of the model.

Models should be validated prior to implimentation. For example, if a model is constructed to forecast
the monthly sales of a particular commodity, it could be tested using historical data to compare the
forecasts it would have produced to the actual sales. In case, if the model cannot be validated prior to its
implementation, then it can be implemented in phases for validation. For example, a new model for
inventory control may be implemented for a certain selected group of items while-the older system is
retained for the majority of remaining items. If the model proves successful, more items can be placed
within its range. It is also worthnoting that real things change in time. A highly satisfactory model may
very well degrade with age. So periodic re-evaluation is necessary.

A model should never be taken too literally. For example, suppose that one has to construct an elaborate
computer model of Indian economy with many competent researchers spending a great deal of time and
money in getting all kinds of complicated interactions and relationships. Under such circumstances, it can
be easily believed as if the model duplicates itself the real system. This danger continues to increase as the
models become larger and more sophisticated, as they must deal with increasingly complicated problems.
A model should neither be pressed to do, nor criticized for failing to do that for which it was never
intended. One example of this error would be the use of forecasting model to predict so far into the future
that the data on which the forecasts are based have no relevance. Another example is the use of certain
network methods to describe the activities involved in a complex project. A model should not be stretched
beyond its capabilities.

Beware of over-selling a model. This principle is of particular importance for the OR professional
because most non-technical benefactors of an operations researcher’s work are not likely to understand
his methods. The increased technicality of one’s methods also increases the burden of responsibility on
the OR. professional to distinguish clearly between his role as model manipulator and model interpreter.
In those cases where the assumptions can be challenged, it would be dishonest to use the model.

Some of the primary benefits of modelling are associated with the process of developing the model. 1t is
true in general that a model is never as useful to anyone else as it is to those who are involved in building it
up. The model itself never contains the full knowledge and understanding of the real system that the
builder must acquire in order to successfully model it, and there is no practical way to convey this
knowledge and understanding properly. In some cases, the sole benefits may occur while the model is
being developed. In such cases, the model may have no further value once it is completed. An example of
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~ this case might occur when a small group of people attempts to develop a formal plan for some subject.
The plan is the final model, but the real problem may be to agree on ‘what the objectives ought to be’.

9. A model cannot be any better than the Information that goes into it. Like a computer program, a model
can only manipulate the data provided to it; it cannot recognize and correct for deficiencies in input.
Models may condense data or convert it to more useful forms, but they do not have the capacity to
generate it. In some situations it is always better to gather more information about the system instead of
exerting more efforts on modern constructions.

10. Models cannot replace decision makers. The purpose of OR models should not be supposed to provide
“Optimal solutions” free from human subjectivity and error. OR models can aid decision makers and
thereby permit better decisions to be made. However, they do not make the job of decision making easier.
Definitely, the role of experience, intuition and judgement in decision making is undiminished.

I 1.6 APPROXIMATIONS (SIMPLIFICATIONS) OF 'OR’ MODLES

While constructing a model, two conflicting objectives usually strike in our mind :

(i) The model should be as accurate as possible.

(i) Itshould be as easy as possible in solving.

Besides, the management must be able to understand the solution of the model and must be capable of
using it. So the reality of the problem under study should be simplified to the extent when there is no loss of
accuracy.

The model can be simplified by :

(i) omitting certain variable (ii) changing the nature of variables (iii) aggregating the variables

(iv) changing the relationship between variables, and (v) modifying the constraints, etc.

[ 1.7 GENERAL METHODS FOR SOLVING ‘OR’ MODLES ]

Generally, three types of methods are used for solving OR models.

Analytic Method. If the OR model is solved by using all the tools of classical mathematics such as :
differential calculus and finite differences available for this task, then such type of solutions are called analytic
solutions. Solutions of various inventory models are obtained by adopting the so called analytic procedure.

Iterative Method. If classical methods fail because of complexity of the constraints or of the number of
variables, then we are usually forced to adopt an iterative method. Such a procedure starts with a trial solution
and a set of rules for improving it. The trial solution is then replaced by the improved solution, and the process
is repeated until either no further improvement is possible or the cost of further calculation cannot be justified.

Iterative method can be divided into three groups :

(a) After a finite number of repetitions, no further improvement will be possible.

(b) Although successive iterations improve the solutions, we are only guaranteed the solution as a limit of

an infinite process. ,

(c) Finally, we include the trial and error method which, however, is likely to be lengthy, tedious, and

costly even if electronic computers are used.

The Monte-Carlo Method. The basis of so called Monte-Carlo technique is random sampling of
variable’s values from a distribution of that variable. Monte-Carlo refers to the use of sampling methods to
estimate the value of non-stochastic variables. The following are the main steps of Monte-Carlo method :

Stepl. Inorder to have a general idea of the system, we first draw a flow diagram of the system.

Step 2. Then, we take correct sample observations to select some suitable model for the system. In this

step, we compute the probability distributions for the variables of our interest. ‘

Step 3. We, then, convert the probability distributions to a cumulative distribution function.

Step4. A sequence of random numbers is now selected with the help of random number tables.

Step 5. Next, we determine the sequence of values of variables of interest with the sequence of random

numbers obtained in step 4.
Step 6. Finally, we construct some standard mathematical function to the values obtained in step 5.
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2. Write briefly about the following :

(i) Iconic models (ii) Analogue models (jii) Mathematical models

3. Explain (i) Mathematical Models (i) Functional Models.

. State the different types of models used in OR. Explain briefly the general methods for solving these O.R. models.

[Agra 95]

[JNTU (B. Tech.

[Meerut (MCA ili) May 2000]

) 2003]

The following interesting example will make the above procedure clear.
lllustration of Monte-Carlo Technique

Example. A bombing mission is
sent to bomb an important factory, which
is rectangular in shape and has the
dimensions 250 by 500 feet. The bombers
will drop 10 bombs altogether, from high

altitude, all aimed at the geometric Flight
centre of the plant. We assume that the ine ’

bombing run is made parallel to the long
dimension of the plant, that the deviation
of the impact point from the aiming point
is normal with mean zero and standard
deviation 200 feet in each dimension, and

that these

deviations
independent random variables.

two

are
Use

a
— IMPACT POINT

250 FT

-250 Pie

250 ——»f

AIMING POINT

S00FT

Fig. 1.1.

Monte-Carlo sampling to estimate the expected number of bomb-hits, and compare your result with the exact value.
Solution. Let a be the horizontal deviation, and b be the vertical deviation, as shown in the Fi g 1.1
The bomb will strike if the following conditions are satisfied :

- 250 <a <250, -125<bh <125, .(1-1)
otherwise the bomb will miss the target.
If we put x = a/200, y = /200, so that x and y will be the corresponding deviates read from a random number
table, then the condition (1-1) for hitting the target becomes :

-250<200x<250, —125<200y<125 ...(1-2a)
or -1250<x<1250, -0-625<y<0-625 ...(1-2b)
Results for the first three trials are given in Table 1-1 below.

Table 1-1
Bomb x y Result
Trial 1, four hits
1 -0-291 1-221 Miss
2 - 2828 - 0439 Miss
3 0247 1-291 Miss
4 -0584 0541 Hit*
5 —-0-446 - 2:661 Miss
6 -2:127 0-665 Miss
7 0-656 0340 Hit*
8 1.041 0:008 Hit*
9 0-899 0110 Hit*
i0 - 1114 1297 Miss
Trial 2, two hits

1 . 1-119 0-004 Hit*
2 -0792 - 1275 Miss
3 0-063 - 1793 Miss
4 0484 - 0-986 Miss
5 1.045 —2:363 Miss
6 - 0084 -0-880 Miss
7 -0-086 ~0158 Hit*
8 0427 —-0831 Miss
9 -0-528 -0-833 Miss
10 - 1.433 ~ 1345 Miss
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Trial 3, four hits X ¥y Result
i -2015 -0-594 Miss
2 -0623 - 1.047 Miss
3 -0699 - 1347 Miss
4 0481 0996 Miss
5 0-586 -1.023 Miss
6 0579 0551 Hit*
7 0120 0418 HIt*
8 0191 0074 Hit*
9 0071 0524 Hit*
10 = 3-001 ) 0479 Miss

These three trials give 3-33 as the average number of hits per mission. Many more trials should be
conducted before we can have any real confidence in the result. One way of estimating : how many trials are’
necessary, is to list the cumulated mean at the end of each trial, and to stop the trials when the mean seems to
have settled down to stable value. In this example, we have

after trialnumber @ 1 2 3
cummulatedmean : 4 3 3.33,
so that more trials are necessary.

The mean number of hits in a mission dropping 10 bombs is 3-69.

To compare the result with the exact value.

In this problem, unlike most Monte-Carlo problems, an exact calculation of the answer is much easier than
the Monte Carlo calculation.

The probability of a hit with a single bomb is

1.250 0625
[ J 1250 fx)dx :l X [ J 0625 fx)dx ] =2-789 x 0-468 (from the table of the normal integers)

=0-369.

Thus the previous value 3-69 is ten times of this value.

Advantages :

1. These methods avoid unnecessary expenses and difficulties that arise during the trial and error
experimentation.

2. By this technique, we find the solution of much complicated mathematical expression which is not
possible by any other method.

Disadvantages :

1. This technique does not give optimal answers to the problems. The good results are obtained only
when the sample size is quite large.

2. The computations are much complicated even in simple cases.

3. Itis acostly procedure for obtaining a solution of any related problem.

Q. 1. Write a short note on Monte-Carlo Technique and their usefulness in real life situations. [Meerut (Stat.) 98]
2. Describe the use of Monte-Carlo methods in sampling experiments. lilustrate with possible examples.

1.8 MAIN CHARACTERISTICS (FEATURES) OF OPERATIONS RESEARCH |

The main characteristics of OR are as follows :

1. Inter-disciplinary team approach. In OR, the optimum solution is found by a team of scientists selected
from various disciplines such as mathematics, statistics, economics,engineering, physics, etc.

For example, while investigating the inventory management in a factory, perhaps we may require an engineer
who knows the functions of various items of stores. We also require a cost accountant and a
mathematician-cum-statistician. Each member of such OR team is benefitted by the view points of others, so that
the workable solution obtained through such collaborative study has a greater chance of acceptance by
management,

Furthemore, an OR team required for a big organization may include a statistician, an economist, a
mathematician, one or more engineers, a psychologist, and some supporting staff like computer programmers,
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etc. A mathematician or a probabilist can apply his tools in a plant problem only if he gets to understand some
of the physical implications of the plant from an engineer. Otherwise, he may give such a solution which may
not be possible to apply.

2. Wholistic approach to the system. The most of the problems tackled by OR have the characteristic
that OR tries to find the best (optimum) decisions relative to largest possible portion of the total organization.
The nature of organization is essentially immaterial.

For example, in attempting to solve a maintenance problem in a factory, OR tries to consider how this
affects the production department as a whole. If possible, it also tries to consider how this effect on the
production department in turn affects other department and the business as a whole. It may even try to go
further and investigate how the effect on this particular business organization in turn affects the industry as a
Who}fg, etc. Thus OR attempts to consider inter-actions or chain of effects as far out as these effects are
significant. ‘

3. Imperfectness of solutions. By OR techniques, we cannot obtain perfect answers to our problems but,
only the quality of the solution is improved from worse to bad answers.

4. Use of scientific research. OR uses techniques of scientific research to reach the optimum solution.

5. To optimize the total output. OR tries to optimize total return by maximizing the profit and
minimizing the cost or loss.

Q. 1. Give the main characteristics of Operations Research. [J.N.T.U. (B. Tech.) 2004, 03; C.A. (May) 92]
2. Define OR and discuss its characteristics and limitations.

I 1.9 MAIN PHASES OF OPERATIONS RESEARCH STUDY

About fourty years ago, it would have been difficult to get a single operations-researcher to describe a
procedure for conducting OR project. The procedure for an OR study generally involves the following major
phases :

Phasel: Formulating the problem. Before proceeding to find the solution of a problem, first of all one
must be able to formulate the problem in the form of an appropriate model. To do so, the following information
will be required.

‘ (i) Who has to take the decision ?

(ii) What are the objectives ?

(iii) What are the ranges of controlled variables ?

(iv) What are the uncontrolled variables that may affect the possible solutions ?

(v) What are the restrictions or constraints on the variables ?

Since wrong formulation cannot yield a right decision (solution), one must be considerably careful while
execution this phase.

Phase II : Constructing a mathematical model. The second phase of the investigations is concerned
with the reformulation of the problem in an appropriate form which is convenient for analysis. The most
suitable form for this purpose is to construct a mathematical model representing the system under study. It
requires the identification of both static and dynamic structural elements. A mathematical model should
include the following three important basic factors :

(i) Decisionvariables and parameters, (ii) Constraints or Restrictions, (iii) Objective function.

. PhaseIll: Deriving the solutions from the model. This phase is devoted to the computation of those values
of decision variables that maximize (or minimize) the objective function. Such solution is called an optimal solution
which is always in the best interest of the problem under consideration. The general techniques for deriving the
solution of OR model are discussed in the following sections and further details are given in the text.

Phase IV : Testing the model and its solution (updating the model). After completing the model, it is
once again tested as a whole for the errors if any. A model may be said to be valid if it can provide a reliable
prediction of the system’s performance. A good practitioner of Operations Research realises that his model be
applicable for a longer time and thus he updates the model time to time by taking into account the-past, present and
future specifications of the problem.
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Phase V: Controlling the solution. This phase establishes controls over the solution with any degree
of satisfaction. The model requires immediate modification as soon as the controlled variables (one or more)
change significantly, otherwise the model goes out of control. As the conditions are constantly changing in the
world, the model and the solution may not remain valid for a long time.

Phase VI : Implementing the solution. Finally, the tested results of the model are implemented to
work. This phase is primarily executed with the cooperation of Operations Research experts and those who are
responsible for managing and operating the systems.

Q. 1. Discuss the various phases in solving an OR problem. [IGNOU 2001; C.A. (Nov.) 92; Meerut (IPM) 90 ]
2. What are various phases of O.R. problems ? Explain them briefly. "~ [VTU (BE Mech.) 2003]
3. Give the different phases of Operations Research, and explain their significance in decision making.
[JNTU (B. Tech.) May 2004; Meerut (Stat.) 98, 90; Karnataka (B.E.) 95; C.A. (Nov.) 89]
4. Explain the steps involved in the solution of an Operations Research problem. [IGNOU 2001]
5. Whatis an operations research? Discuss the various phases in solving an OR problem.
[AIMS (B.E.) Bangalore 2002]

1.10 THE TERMS : ‘TOOLS’, ‘TECHNIQUES’ AND ‘METHODS'

We now carefully diffcrentiate the terms : ‘tools’, ‘techniques’ and ‘methods’ which are frequently used in
science. It is evident that a table of random numbers is a tool of science. The way in which this tool is used is
called a technique. The research plan which involves the use of Monte-Carlo procedure and the table of
random numbers is called a method of science. Similarly, calculus is a scientific tool; employing calculus to
find an optimum value of a variable in a mathematical model of a system is a scientific technique; and the plan
of utilizing a mathematical model to optimize a system is a scientific method.

1.10-1 Scientific Method in Operations Research

The scientific method in OR study generally involves the three phases : (i) the judgement phase, (ii) the
research phase, and (iii) the action phase.

Of these three, the research phase is the largest and longest, but the remaining two are just as important as
they provide the basis for an implementation of the research.

The judgment phase includes :

(i) A determination of the operation.

(ii) The establishment of the objectives and values related to the operation.

(iii) The determination of the suitable measures of effectiveness.

(iv) Lastly, the formulation of the problems relative to the objectives.

The research phase utilizes :

(i) Observations and data collection for a better understanding of what the problem is.

(ii) Formulation of hypothesis and models.

(iii) Observation and experimentation to test the hypothesis on the basis of additional data.

(iv) Analysis of the available information and verification of the hypothesis using pre-established

measures of effectiveness. :
(v) Predictions of various results from the hypothesis, generalization of the result and consideration of
alternative methods.

The action phase : :

OR consists of making recommendations for decision process by those who first posed the problem for
consideration, or by anyone in a position to make a decision influencing the operation in which the problem
occured.

Q. 1. Discribe the phases of scientific method in Operations Research. [JNTU (B. Tech.) 2003; Meerut (O.R.) 90]

2. Enumerate the approach, technique and tools used in operations research. You may list as many as possible but focus
on 4 tools and detail the appropriate computer hardware, software and application programs.  {IGNOU 2001, 99, 96]
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| 1.1 SCOPE OF OPERATIONS RESEARCH |

Inits recent years of organized development, OR has entered successfully many different areas of research for
military, government and industry. The basic problem in most of the developing countries in Asia and Africa is
to remove poverty and hunger as quickly as possible. So there is a great scope for economists, statisticians,
administrators, politicians and the technicians working in a team to solve this problem by an OR approach.
Besides this, OR is useful in the following various important fields.

1. In Agriculture. With the explosion of population and consequent shortage of food, every country is
facing the problem of —

(1) optimum allocation of land to various crops in accordance with the climatic conditions; and

(ii) optimum distribution of water from various resources like canal for irri gation purposes.

Thus there is a need of determining best policies under the prescribed restrictions. Hence a good amount
of work can be done in this direction.

2. In Finance. In these modern times of economic crisis, it has become very necessary for every
government to have a careful planning for the economic development of her country. OR-techniques can be
fruitfully applied :

(1) to maximize the per capita income with minimum resources;

(ii) to find out the profit plan for the company;

(iii) to determine the best replacement policies, etc.

3. InIndustry. If the industry manager decides his policies (not necessarily optimum) only on the basis
of his past experience ( without using OR techniques) and a day comes when he gets retirement, then a heavy
loss is encountered before the Industry. This heavy loss can immediately be compensated by newly appointing
a young specialist of OR techniques in business management. Thus OR is useful to the Industry Director in
deciding optimum allocation of various limited resources such as men, machines, material, money, time, etc.,
to arrive at the optimum decision. _ .

4. InMarketing, With the help of OR techniques a Marketing Administrator (Manager) can decide :

(1) where to distribute the products for sale so that the total cost of transportation etc. is minimum,
(ii) the minimum per unit sale price,
(iii) the size of the stock to meet the future demand,
(iv) how to select the best advertizing media with respect to time, cost, etc.
(v) how, when, and what to purchase at the minimum possible cost ?
5. InPersonnel Management. A personnel manager can use OR techniques :
(i) toappoint the most suitable persons on minimum salary,
(ii) to determine the best age of retirement for the employees,
~ (iii) to find out the number of persons to be appointed on full time basis when the workload is seasonal
(not continuous). -
6. InProduction Management. A production manager can use OR techniques :
(i) to find out the number and size of the items to be produced;
(ii) in scheduling and sequencing the production run by proper allocation of machines;
(iii) in calculating the optimum product mix; and
(iv) to select, locate, and desigr the sites for the production plants.
7. InL.LC.OR approach is also applicable to enable the L.I.C. offices to decide :
(i) what shouﬁipbe the premium rates for various modes of policies,
(i) how best the profits could be distributed in the cases of with profit policies ? etc.

Finally, we can say : wherever there is a problem, there is OR. The applications of OR cover the whole

extent of any thing. A recent publication of the OR society contains a summary of the applications of OR. The

reader wishing more details on applications may consult the publication : ‘Progress in OR’ Vol. 2 by Hertz.,
D.B. and R.T. Eddison.

Q. Define O.R. and discuss its scope.  [Meerut (Stat.) 98; Garhwal 96; Kanpur 96; Rewa (Maths.) 93; Rohil. 93, 92]
What are the areas of applications of O.R., [Meerut (Maths) 91]

(a) Explain the meaning, scope and methodology of O.R. [VTU (BE Mech.) 2002]
(b) Discuss the significance and scope of Operations Research in modern management. [Delhi Univ. (MBA) HCA 2001]

Write a critical essay on the definition and scope of Operations Research. [UNTU (B. Tech) 2003, 02; Virbhadrah 2000]
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[ 1.12 ROLE OF OPERATIONS RESEARCH IN DECISION-MAKING |

The Operations Research may be regardeed as a tool which is utilized to increase the effectiveness of
management decisions. In fact, OR is the objective suppliment to the subjective feeling of the administrator
(decision-maker). Scientific method of OR is used to understand and describe the phenomena of operating
system. OR models explain these phenomena as to what changes take place under altered conditions, and
control these predictions against new observations. For example, OR may suggest the best locations for
factories, warehouses as well as the most economical means of transportation. In marketing, OR may help in
indicating the most profitable type, use and size of advertising compaigns subject to the financial limitations.

The advantages of OR study approach in business and management decision making may be classified as
follows :

1. Better Control. The management of big concerns finds it much costly to provide continuous executive
supervisions over routine decisions. An OR approach directs the executives to devote their attention to more
pressing matters. For example, OR approach deals with production scheduling and inventory control.

2. Better Co-ordination. Sometimes OR has been very useful in maintaining the law and order situation
out of chaos. For example, an OR based planning model becomes a vehicle for coordinating marketing
decisions with the limitations imposed on manufacturing capabilities.

3. Better System. OR study is also initiated to analyse a particular problem of decision making such as
establishing a new warehouse. Later, OR approach can be further developed into a system to be employed
repeatedly. Consequently, the cost of undertaking the first application may improve the profits.

4. Better Decisions. OR models frequently yield actions that do improve an intuitive decision making.
Sometimes, a situation may be so complicated that the human mind can never hope to assimilate all the
important factors without the help of OR and computer analysis.

In the present text, we restrict ourselves to discuss the problems on : Inventory control, Replacement, Queues,
Linear programming, Goal Programming, Transportation, Assignment, Games theory, Sequencing, Dynamic
programming, Information theory, PER T/CPM, Simulation, and Decision theory etc.

O.R. provides a logical and systematic approach for decision-making. The phases and process study must
also be quite logical and systematic. There are six important steps in O.R. study, butin all each and every step
does not necessarily follow logical order as below : :

Step I : Observing the Problem Environment

The activities in this step are visits, conferences, observations, research etc. With such activities analyst

gets sufficient information and support to define the problem.

Step II : Analysing and Defining the Problem

In this step the problem is defined, and objectives and limitations of the study are stated in its context. One
thus gets clear grasp of need for a solution and indication of its nature.

‘ Analysing and Defining the Porblem |

| Constructing a Modi|

rs,electing data inpud

Igbtain solution andits testingj

[ Implementation of SolutionJ

Step III : Developing a Model
Step III is to contruct a model. A model is representation of some real or abstract situations. O.R. models are
basically mathematical models representing systems, processes or environment in the form of equations,



UNIT 1: WHAT IS OPERATIONS RESEARCH ? / 17

relationships or formulae. The activities in this step are defining interrelationships among variables, formulating
equations, using known O.R. models or searching suitable alternate models. The proposed model may be
practically tested and modified in order to work under given environmental constraints. A model may also be
managerial if not satisfied with the solution it offers.

Step IV : Selecting Appropriate Data Input

No model will work appropriately if data input is not appropriate. Hence using right kind of data is vital in
O.R. process, Important activities in this step are analysing internal-external data and facts, collecting
ohpeniogsland using computer data banks. The purpose of the step is to have sufficient input to operate and test
the models.

Step V : Providing a Solution and Testing its Reasonableness

Step V is performed to obtain a solution with the help of model and data input. Such a solution is not
implemented immediately. First it is tested not behaving properly, updating and modification of the model is
considered at this stage. The end result is solution that supports current organization objective.

Step VI : Implementing the Solution

Implementation of the solution is the last step of O.R. process. In O.R., the decision-making is scientific,
but implementation of decision involves many behavioural issues. Therefore, the implementing authority has
to resolve the behavioural issues. He has to convince not only the workers but also the superiors. The gap
between one who provides a solution and the other who wishes to use it has to be eliminated: To achieve this,
O.R. analyst as well as management should play a positive role. Needless to say a properly implemented
solution obtained through O.R. techniques results an improved working and gets active management support.

Q. 1. Whatis the importance (role) of Operations Research in decision making. [Kanpur 96]
2. Describe in brief the role of quantitative techniques in bussiness management. [JNTU (B. Tech.) 2003)
3. What are the various phases through which an O.R. team normally has to proceed ?

L1.13 BRIEF OUTLINES OF OR-MODELS : QUANTITATIVE TECHNIQUES OF OR j

A brief account of some of the important OR models is given below : :

1. Distribution (Allocation) Models. Distribution models are concerned with the allotment of available
resources so as to minimise cost or maximise profit subject to prescribed restrictions. Methods for solving such type
of problems are known as mathematical programming techniques. We distinguish between linear and non-linear
programming problems on the basis of linearity and non-linearity of the objective function and/or constraints -
respectively. In linear programming problems, the objective function is linear and constraints are also linear
inequalities/equations . Transportation and Assignment models can be viewed as special cases of linear
programming. These can be solved by specially devised procedures called Transportation and Assignment
Techniques.

In case the decision variables in a linear programming problem are restricted to either integer or zero-one
value, it is known as Integer and Zero-One programming problems, respectively. The problems having multiple,
conflicting and incommensurable objective functions (goals) subject to linear constraints are called linear goal
programming problems. If the decision variables in a linear programming problem depend on chance, then such
problems are called stochastic linear programming problems.

2. Production/Inventory Models. Inventory/Production models are concerned with the determination of the
optimal (economic) order quantity and ordering (production) intervals considering the factors such as—demand per
unit time, cost of placing orders, costs associated with goods held up in the inventory and the cost due to shortage of
goods, etc. Such models are also useful in dealing with quantity discounts and multiple products.

3. Waiting Line (or Queueing) Models. In queueing models an attempt is made to predict :

(1) how much average time will be spent by the customer in a queue ?

(ii) what will be an average length of waiting line or queue ?

(iii) what will be the traffic intensity of a queueing system ? etc.

The study of waiting line problems provides us methods to minimize the sum of costs of providing service and cost
of obtaining service which are primarily associated with the value of time spent by the customer in a queue.

4. Markovian Models. These models are applicable in such situations where the state of the system can be
defined by some descriptive measure of numerical value and where the system moves from one state to another on a
probability basis. Brand-swiching problems considered in marketing studies is an example of such models.
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5. Competetive Strategy Models (Games Theory). These models are used to determine the behaviour of
decision-making under competition or conflict. Methods for solving such models have not been found suitable for
industrial applications, mainly because they are referred to an idealistic world neglecting many essential features of
reality.

6. Network Models. These models are applicable in large projects involving - complexities and
inter-dependencies of activities. Project Evaluation and Review Techniques (PERT) and Critical Path Method
(CPM) are used for planning, scheduling and controlling complex project which can be characterised as net-works.

7. Job Sequencing Models. These models involve the selection of such a sequence of performing a series of
jobs to be done on service facilities (machines) that optimize the efficiency measure of performance of the system.
In other words, sequencing is cencerned with such a problem in which efficiency measure depends upon the order
or sequence of performing a series of jobs.

8. Replacement Models. These models deal with the determination of optimum replacement policy in
situations that arise when some items or machinery need replacement by a new one. Individual and group
replacement policies can be used in the case of such equipments that fail completely and instantaneously.

9. Simulation Models. Simulation is a very powerful technique for solving much complex models which
cannot be solved otherwise and thus it is being extensively applied to solve a variety of problems. This technique is
more useful when following two types of difficulties may arise :

(i) The number of variables and constraint relationships may be so large that it is not computationally

feasible to pursue such analysis.

(i) ‘Secondly, the model.may be much away from the reality that no confidence can be placed on the

computational results. = :

In fact, such models are solved by simulation techniques where no other method is available for its
solution.

Operations Research, as its name suggests, gives stress on analysis of operations as a whole. For this
purpose it uses any suitable techniques or tools available from the fields of mathematics, statistics, cost
analysis or numerical calculations. Some such techniques are listed below :

(1) Linear Programming (2) Non-linear Programming (3) Integer Programming
(4) Dynamic Programming (5) Goal Programming (6) Games Theory
(7) Inventory Control (8) PERT-CPM (9) Simulation

(10) Queueing Theory etc. Here, for example, we describe in brief the queueing or waiting line theory.

-Queues have become an integral part of our daily life. Queues are formed everywhere where a service is fered
and the service rate is slower than the arrival rate of customers. People waiting for railway reservations, machines
waiting for repairs at a workshop and aeroplanes waiting in the sky to find a place to land at the airport are all
examples of queueing.

Costs are associated with the waiting in a line and costs are also associated with adding more service facilities
or counters. The purpose of OR study is to decide the optimum number of service facilities so as to minimise the
sum of waiting period cost and cost of providing facilities.

Queueing theory works out the expected number of people in the queue, expected waiting time in the queue,
expected idle time for the server etc. These calculations then help in deciding the optimum number of service
facilities under given constraints.

Q. 1. Write a note on application of various quantitative techniques in different fields of business decision making.
2. Explain various types of O.R. models and indicate their application to production, inventory, and distribution systems.
3. Enumerate six techniques of operations Research and describe one briefly. [IGNOU 2001 (Jan)]

[ 114 DEVELOPMENT OF OPERATIONS RESEARCH IN INDIA |

In 1949, Operations Research came into picture when an OR unit was established at the Regional Research
Laboratory, Hyderabad. At the same time, Prof. R.S. Verma (Delhi University) setup an OR team in the
Defence Science Laboratory to solve the problems of store, purchase and planning. In 1953, Prof. P.C.
Mahalanobis established an OR team in the Indian Statistical Institute, Calcutta, for solving the problem of
national planning and survey. In 1957, Operations Research Society of India was formed and this society
became a member of the International Federation of Operations Research Societies in 1960. Presently India is
publishing a number of research journals, namely, ‘OPSEARCH’, ‘Industrical Engineering and
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Management’, ‘Materials Management Journal of India’, ‘Defence Science Journal %, ‘SCIMA’, ‘Journal
of Engineering Production’, etc.

As far as the OR education in India is concerned University of Delhi was the first to introduce a complete M.Sc.
course in OR in 1963. Simultaneously, Institute of Management at Calcutta and Ahemdabad started teaching OR in
their MBA courses. Now-a-days, OR has become so popular subject that it has been introduced in almost all
Institutes and Universities in various disciplines like, Mathematics, Statistics, Commerce, Economics,
Management Science, Medical science, Engineering, etc. Also, realizing the importance of OR in Accounts and
Administration, government has introduced this subject for the IAS, CA, ICWA examinations, etc.

Prof. Mahalanobis first applied OR in India by formulating second five-year plan with the help of OR
techniques. Planning Commission made the use of OR techniques for planning the optimum size of the Caravelle
fleet of Indian air lines. Some of the industries, namely, Hindustan Lever Lid.; Union Carbide, TELCO,
Hindustan Steel, Imperial Chemical Industries, Tata Iron & Steel Company, Sarabhai Group, FCI, etc. have
engaged OR teams. Kirlosker Company is using the assignment technique of OR to maximize profit.

Textile firms like, DCM., Binni’s and Calico, etc., are using linear programming techniques. Among other
Indian organizations using OR are the Indian Railways, CSIR, Tata Institute of Fundamental Research, Indian
Institute of Science, State Trading Corporation, etc.

*Itis also worthnoting that the present text on ‘OPERATIONS RESEARCH’ is the first book published in India
to meet the requirements of various courses on this subject. ’

[ 1.15 ROLE OF COMPUTERS IN OPERATIONS RESEARCH |

In fact, computers have played a vital role in the development of OR. But OR would not have achieved its
present position for the use of computers. The reason is that—in most of the OR techniques computations are
so complex and involved that these techniques would be of no practical use without computers. Many large
scale applications of OR techniques which require only few minutes on the computer may take weeks, months
and sometimes years even to yield the same results manually. So the computer has become as essential and
integral part of OR. Now-a-days, OR methodology and computer methodology are growing up
simultaneously. It seems that in the near future the line dividing the two methodologies will disappear and the
two sciences will combine to form a more general and comprehensive science. It should also be noted that
FORTRAN and C-programs are functionally equivalent. ‘

The computor software packages are useful for rapid and effective calculations which is a necessary part
of O.R. approach to solve the problems. These are :

(i) QSB+ (Quantitative System for Business Plus), Version 3.0, by Yih-long Chang and Robert S.
Sullivan, is a software package that contains problem solving algorithms for OR/MS, as well as modules on
basic statistics, non-linear programming and financial analysis.

(i) QSOM (Quantitative Systems for Operations Management), by Yih-long, is an interactive user-friendly
system. It contains problem-solving algorithms for operations management problems and associated information
system.

(iii) Value STORM : MS quantitative Modelling for Decision Support, by Hamilton Emmons, A.D. Flowers,
Chander Shekhar, M.Khot and Kamlesh Mathur, is a special version of Personal STORM version 3.0 developed for
use in OR/MS.

(iv) Excel 97 by Gene Weiss Kopf and distributed by BPB publications, New Delhi, is an easy-to-use
task-oriented guide to Excel Spread sheet applications.

(v) LINDO (Linear Interactive Discrete Optimization), developed by Linus Schrage Lindo in his book “‘An
Optimization Modeling System, 4th ed. (Palo Alto, CA : Scientific Press 1991) :

SELF-EXAMINATION QUESTIONS

1. (a) Whatis Operations Research ? A certain wine importer noticed that his sales of wine were not what they shouid be in
comparison to other types of liquor. He hired you as a consultant to look into this problem, with the intention of
improving the wine business. What would you do ?

{b) How does one go about organising for effective Operations Research ? Explain.

Give a brief account of the methods used in model formulation.

Explain, how and why OR methods have been valuable in aiding executive decision. - [Meerut (Stat.) 90]
Explain the concept, scope and tools of OR as applicable to business and industry.

Discuss the advantages and limitations of using results from a mathematical model to make decisions about operations.

o s eN
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“Mathematics of OR is mathematics of optimization™. Discuss.

“OR is the applic ation of scientific methods, techniques and tools to probleminvolving the operations of a systemso asto
provide those in control of the system with optimum solutions to the problem.” Discuss.

(a) Define Operations Research. Give the main characteristics of Operations Research.

(b) Discuss the importance of Operations Research in decision-making process.

(a) Dicuss the significance and scope of Operations Research in modem management.

(b) Describe in brief the uses of statistical techniques in Operations Research.

Write a detailed note on the use of models for decision-making. Your answers should specifically cover the following :

(i) Need for model building. (ii) Type of model appropriate to the situation.

(iii) Steps involved in the construction of the model. (iv) Setting up criteria for evaluating different alternatives.
(v) Role of random numbers. :

“Operations Research is an aid for the executive in making his decisions by providing him with the needed quantitative
infurmation, based on the scientific method analysis”. Discuss this statement in detail, illustrating it with O.R methods

that you know. [Meerut (Stat.) 95]
Give the essential characteristics of the following types of process :
(a) Allocation (b) Competitive Games (c) inventory (d) Waiting line.

What is the role of Operations Research in decision making ? Explain the scope and methodology of Operations
Research, the main phases of Operations Research and techniques in solving an Operations Research probler.

Write short notes on the following :

(i) Area of applications of Operations Research.

(if) Role of constraints and objectives in the construction of mathematical models.

(iii) Statistician’s role as member of O.R team.

Is Operations Research a discipline, or a profession, or set of techniques, or a philosophy, oranew name foran old thing ?

Outline broad features of the judgment phase and the research phase of scientific method in Operations Research.
Discuss fully any one of these phases.

How can Operations Research models be classified ? Which is the best classification in terms of learing and
understanding the fundamentals of Operations Research ?

What are the advantages and disadvantages of Operational Research models ? Why is it necessary to test models and
how would you go about testing a model ?

What is Operations Research ? Describe four models used in Operations Research.
List any three Operations Research techniques and state in what conditions they can be used ?

Explain the role of quantitative techniques in the field of business and industry in modern times. Give a few examples in
support of your answer.

What are the essential characteristics-of Operations Research ? Mention different phases in an Operations Research
study. Point out some limitations of Operations Research.

(a) Define OR as a decision making science.

(b) Briefly explain the uses of OR-techniques in India. How are they found useful by the business executives ? Which of
the three techniques are most commonly used in india ? Why

Explain the meaning and nature of OR.

State any four areas for the application of OR techniques in Financial Management, and how it improves the
performance of the organisation.

(a) Comment on “Operations Research is a scientific and for enhancing creative and judicious capabilities of a decision
maker”.

{b) Give any four processes of Operations Research and discuss their essential features.
Wirite a critical essay on the definition and scope of Operations Research.

Comment on the following statements :

(a) ORis abunch of mathematical techniques.

(b) ORis no more than a quantitative analysis of the problem.

(c) OR advocates a system’s approach and is concemed with optimization. It provides a quantitative analysis for
decision making.

(d) OR has been defined semi-facetiously as the application of big minds to small problems.

What is Operations Research ? What areas of Operations Research have made a significant impact on decision making
process ? Why is itimportant to keep an open mind in utilizing Operations Research techniques ?

.Give a definition of Operations Research indicating the different types of models of the problem and the general methods

of their solution.
(a) Write briefly about the following : )
(i) lconic models, (ii) Analogue models, (jiii) Mathematical models (or Symbolic models).
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(b) Explain three types of models used in Operations Research, giving suitable exampie.

{c) Whatis the function of a model in decision making ? Name the types of models. What are the advantages of models?
What are the pitfalls of models.

Distinguish the following models with suitable examples :
(i) Stochastic and deterministic models; (i) Static and dynamic models.

Quantitative techniques complement the experience and judgement of an executive in decision making. They do notand
cannot replace it. Discuss. [Delhi Univ. (MBA) 1988]

in construction any OR model, it is essential to realize that a most important purpose of the modelling process is “to help
any manager better.” Keeping this purpose in mind, state any four OR models that can be of help to Chartered

Accountants in advising their clients. {C.A. (May) 91]
State three properties and three advantages of an OR model. [C.A. (May) 92]
Describe briefly the components of a proplem and mention the three major types of problems in decision making under
different environment. {C.A. (Nov.) 92]
“Much of the success of OR applications in the last three decades is due to the computers.” Discuss.  [C.A. (May) 93]
Discuss the role and scope of quantitative methods for scientific decision making in a business environment.

[IPM (MBA) 2000]
Explain briefly the various applications of O.R. : [VTU (BE Compu.) Aug. 2001}
What are the advantages and limitations of OR studies ? [VTU (BE Vith Sem.) Feb. 2002)
What are the essential characteristics of operations research ? Mension different phases in the operations research
study. Point out its limitations, if any. [C.A. Nov 1992)

(a) Why is the study of Operations Research important to the decision maker.

(b) Operation Research increases creative and judicious capabilities of a decision maker. Comment.
[Deihi Univ. (MBA) 1998]

10.

1.(a)

OBJECTIVE QUESTIONS
Operations research approach is
(a) multi-disciplinary. (b) scientific. (c) intuitive. (d) alt of the above.
Operations research analysts do not
(a) predict future operations. (b) build more than one model.
() collect relevant data. (d) recommend decision and accept.
For analysing a probiem, decision-makers should normally study
(a) its qualitative aspects.  (b) its quantitative aspects.  (c) both (a) and (b). (d) neither (a) nor (b).
Decision variables are
(a) controllable. {b) uncontroliable. (c) parameters. (d) none of the above.
Amodelis
(a) an essence of reality. (b) an approximation. (c) an idealization. (d) all of the above.
Managerial decisions are based on
(a) an evaluation of quantitative data. (b) the use of qualitative factors.
(c) numbers produced by formal models. (d) all of the above.
The use of decision models

(a) is possible when the variable’s value is known.
(b) reduces the scope of judegement and intuition known with certainty in decision-making.
(c) requires the knowledge of computer software use.

(d) none of the above.

Every mathematical model

(a) must be deterministic. (b) requires computer aid for its solution.

(c) represents data in numerical form. (d) all of the above.

A physical model is example of

(a) an iconic model. (b) an analogue model. (c) a verbal model. (d) a mathematical model.
An optimization model

(a) mathematically provides the best decision. (b) provides decision within its limited context.

(c) helps in evaluating various alteratives constantly. (d) all of the above.

: Answers
2@ 3.0 4@ 5@ 6@ 7d 8@ 9.( 10.).

e



PRE-sTUDY FOR OPERATIONS RESEARCH

[ 2.1 INTRODUCTION |

The main purpose of this chapter is to provide with basic concepts of preliminary mathematics required for
understanding this new subject of Operations Research. Due to wide scope of O R in various disciplines, some
useful topics of elementary mathematics are discussed in this chapter. It covers some important concepts on :
Vectors and Linear algebra, Matrices and determinants, Simultaneous linear equations, Differentiation
and integration, Generating functions, Finite differences, etc.

The mathematical methods are presented in this chapter with a minimum mathematical complexity.
However, this approach does not reduce the potential value of these methods.

I-Vectors and Linear Algebra
| 22 CONCEPT OF VECTORS |

It is well-known that a point can be expressed in terms of an origin and coordinate axes. Each point in
2-dimension (or 2-space) is uniquely represented by an ordered pair of real numbers, known as the coordinates
of the point. The pair is said to be ordered because, e.g. the point represented by (0, 1) is not the same as the
point (1, 0). Also, each point uniquely represents a line from the origin to the point. This line will be called a
vector.

As explained in Fig. 2-1, the vector has direction (from origin to the point) and magnitude (the length of
the line). Thus, there exists a unique correspondence between vectors directed from the origin and ordered
pairs of real numbers in 2—dimensional space.

4

R (49
k]S a=(1,3)
2 -

1} b=(3,1) _¥3
0 2 3 i

Fig. 2.1. Fig. 2.2
Vectors in 2-space. Sum of vectors

In 2-space, the sum of two vectors —e.g., (1, 3) and (3, 1)—is given by the sum of corresponding
clements (1 + 3, 3 + 1) = (4, 4) which is represented by a paralielogram in Fig. 2.2.
These concepts of vectors can be extended to n—dimensional spaces as follows.
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| 23 DEFINITIONS |
Vector. A vectorin n-space is an ordered set of n-real numbers.
For example,a = (a, , a,, ... , a,) is a vector of elements or components. The real numbers q; , az,...,a,are
called the components of a.
Equality of two n-vectors. Two n—vectorsa=(a; , a3, ... ,a,)andb = (b, , b, , ... , b,) are said to be equal if

respective components of a and bare equal, i.e.,a;=b; ,a,=b,, ... ,a,=b,.
Also,notethata=b < b=a.
Sum and difference of two vectors. The sum of two n-vectorsa=(a; , a, ... ,a,)andb=(b; , b, , ..., b,)is
defined to be the n-vector ¢ given by
' a+b=(a;+b ,a,+b,,...,a,+b,)=c.
The subtraction of b from a, is defined to be the n-vector d given by
a—b=(a, _bl ,a2—b2, ,a,,—b,,)=d.
For given n-vectors a, b and ¢, we have
(i) a+b=b+a, (ii) (@a+b)+c=a+(b+c).
Muitiplication of a vector by scalar. The product of an n-vector a=(a,, a,, ..., a,) by a scalar A,
positive or negative is defined to be the n-vector as,
Ka=l(a| y A2 5 e ,a,,)=(M1 ,Mz, cos ,7\0,,)
In general, for the given n-vectors a and b and the scalars A and p , we have
(i) A(a+b)=2Aa+2Ab, (ii) A (ua)=(Ap) a.
Because we discuss multiplication of vectors, it will be necessary to distinguish between a row vector and a
column vector. )
Row-vector and column-vector. An n-vectora=(a, , a,, ..., a,) is called a row-vector. Corresponding to
eachrow-vectora=(a; , a,, ..., a,), there corresponds another n-vector written as

a
a , )
a’ = "2 | orsimply by [a; a; ... a,]" , for convenience,
all
which is called a column vector. There is no conceptual difference between them ; it is purely a matter of

usage. -
&Nole. Since row-vector and column-vector both are n-vectors, these two types are different. So a row-vector can be added to a

row-vector only. Similar will be the case for column vectors. We will assume that all vectors are column vectors unless otherwise stated (but
for convenience they will be written as row vectors.)

If ais a column-vector, we can denote its row-vector equivalent as a’.

Inner-product or scalar-product. The inner product of two n-vectors a and b, written a*b or simply ab
is a number given by

ab= a|b| + azbz + a3b3 +...+ a,,b,,.

Scalar-product is the useful multiplication of vectors. It is called the scalar-product because the result of the

multiplication is scalar (a real number—not a vector).

4
Forexample,ifa=(123)andb=| 5 |, then
6

4
ab=(123)|5},=4+10+18=32.
6

Note that in the inner-product ab, vector a is treated as row-vector and vector b is treated as column-vector. If
there are no chances of any confusion, for economy of space, we may write both a and b in the form of rows only. In
above example, we may write

a*b=(123)+[456]=4+10+18=32.
In general, for the given vectors a, b, ¢ and scalar A , we have
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(i) ab=ba, (ii)a(b+c)=ab+ac, (iii) (a+b)c=ac+bc, (iv)a(Ab) =A (ab), (v) (Aa)b =2 (ab).
Euclidean space (E"). An n-dimensional space is called Euclidean space (denoted by E"); 2-space (E2 ) and
3-space (IE‘1 ) are the special cases of it.

Distance between two points. In n-space E", the distance between a=(a;,az,...,a,) and
b=(b'| ,bz, ,b,,)is

la=bl=V[(a - b))+ (@ b)) + ... + (a,— b1
Length of a vector. The distance between two points gives the length of a vector. The length of a vector is the
distance between origin and the point identifying the vector.

The lengthof a vectora=(a; ,a;, ... ,a,)in E" is given by Iai=‘[[a|2+azz+ +a,,2].

| 2.4 SPECIAL VECTORS

Special names are given to the commonly used vectors. There are—

Null vector. The null vector is a vector whose elements are all zero:0=(0,0, ..., 0).
The null vector corresponds to the origin.
Sum vector. The sum vector is the vector whose elementsareall 1 : 1 =(1, 1, ..., 1).

Unit vector (e;). The unit vector ¢; is the vector whose i th element is 1 and all other elements are 0.
Examples of unit vectors are ¢; =(1,0,...,0),e;=(0, 1, ...,0), etc. In E%, there are two unit vectors

while in E", there are n unit vectors. Geometrically these vectors lie along the axes of the space and have unit
length. ’
Orthogonal vectors. Two vectors a.and b are said to be orthogonal, if a.b = 0.

[ 25 VECTOR INEQUALITIES 1

Leta=(ay,ay,...,a,) and b=(b, ,b,, ..., b,). Then ais said to be greater than or equal to b, if and only
if,ay2b,,a,2b,,...,a,2b, . Thisisdenotedbya 2> b.
Similarly, ifa; <by,a;<b,, ..., a, < b, , then ais said to be less than or equal to b, denotedbya <b.
Two vectors a and b are said to be order comparable, if and only if, they have equal number of elements.
Example. Let
a=(1,2,3),b=(0,1,2).Clearly,a2b.

I2.6 LINEAR COMBINATION OF VECTORS J

Suppose we are given two vectors ay and az. The
operations of addition and scalar multiplication
can be applied to obtain the expressions like
a; +a,,a, — a3, 2a; + 3a; , 3a; — 5a; ,etc. Such
vectors are called linear combination of vectors
a; and a,. In general, the vectorb = Aja; + Aya; is
a linear combination of ajand a;. Figure 2.3
explains this point.

Thus, if {a; , a3, ... , ax} is a set of k vectors
in n-space and {A;,Ay, ..., N} is a set of k
scalars, then the vector

b=Aa; +Aay + ... + Aay

is a linear combination of the given set of vectors
81 982 4000y Age

This concept of linear combination provides
us with a definition of the line segment between
two vectors, or points.

N W A W N 0 O

—

v

5 6 17
Fig. 2.3
Vector b as Linear Combination of ay, a2
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. 4
Line segment between a; and a, : i

Definition. The line segment between two 12
points (vectors) a, and a, is the set of points 11k
b=Xa;+(1-LA)a,,forallA,0<A<]. 10+
This definition of the line segment can be
extended to any number of points. In its more
general form, this linear combination is called a
convex combination and represents a segment
of a plane. The plane segment is called the
convex- hull of the points.

Convex-Hull of points a, , a,, ..., a, in
E".

Definition. The convex-hull of p points
a1,82,...,8, in E' is the set of points
b=Aay;+Ma+ ...+ A,a,, for all non-
negative AM,Ay, oA, such that 1

9
8
7
6
5 L.
4
3
2
1

b=%a,+—l-az+%a3

2;=(3,9)

2,=(9,12)
3

Convex Hull of
(aj, ay,a,)

a;=(6,6)

M+M+W+M=L 0 !
Example 1. Consider three points a, = (6, 6),
a3=(9, 12),a3=(3, 9).

Fig. 2.4

Convex hull of three points in E2

The convex hull of these three points is shown in the side Fig. 2.4, If A, =% , Ay =% A3 =-;— (so that
Ai+Xy+ A= landallA 20), thenb =1 (6, 6)+%(9, 12)+1(3,9=(6,9).

I 2.7 LINEAR INDEPENDENCE, SPANNING SET AND BASIS

_

We now define some useful properties of set of vectors. If, in E”, we have a set of vectors a1,33,..., g, We say
that they are linearly independent if no one of these can be expressed as a linear combinations of the remaining

oncs.

Linear Independence. A set of vectors a; , a, , ... , ay is linearly independent if the equation

l,a. +7\.3a2+ +7\.kak=0,

is satisfiedonly if Ay = A, = ... = A, = 0.
A sct of vectors is linearly dependent if it is not linearly
independent.

Example 1. The vectors a;=(l,2)and a,=(2,4) are
linearly dependent since there exist Ay =2and Ay =— | for
which Ma, + 7\,232 =0.

Example 2. The vectors e, =(1,0,0), e;=(0, 1, 0) and
e3=(0,0, 1) are linearly independent, since

Xlel + )\,202 + ;v3e3 =0

=X, (1,0,0)+ 24, (0, 1,0) + A3 (0,0, 1)= (0, 0, 0)
= (A, A2, A5)=(0,0,0)
= A =0,4=0,A;=0.

Example 3. Consider the set of four vectors
a;=(2,1),a;=(1,3), a3=(2,3), ag=(4,2). It can be
geometrically seen below that—

1

4 -

o=y =23

2k a4=(4’2)

hr a,=(2,1)

9 I 2 3 4
Fig. 2.5

Linear dependence and independence

(i) The set{a,, a,} is linearly independent, since neither of the vectors can be expressed in terms of the

others.

(ii) Theset{ay, a,, a3} is not linearly independent, since a3 can be expressed as the linear combination of

ajand a, .
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(iii) The set {a, , a4} is also linearly dependent, since 2a; = a4 .
(iv) The sct of single vector {a,} is also linearly independent.

Remark. if a sct of vectors is linearly independent, then any subset of it is also linearly independent. If a set of vectors is linearly
dependent, then a superset of it is also linearly dependent.

Spanning set. The set of vectors a3 ,a; , ... , 8 in E" is a spanning set in E" if every vector in E" can be
expressed as a linear combination of vectors ag , @2, ... , 8k«

From the Fig. 2.5, it can be seen that no less than two vectors are required to form the spanning set in E.
So. for examiple, the set {a; , a;} is a spanning set and so is {a;,a;, a3} . However, the set {a;} is not a
spanning set and neither is {a; , a4} since many vectors in the space cannot be expressed as linear combination
of cither of these sets.

Basis set. A set of vectors ay , 2y , ... , ax in E" is a basis set if —

(i) itisalinearly independent set, and (ii) itis a spanning set of E".

Ifitis abasis thenk =n.

Standard basis. The set of unit vectors €; , €3, ... , €, is called the standard basis for E'" (since the set of

veClors @) , €3 4 +e» 5 €, is a lincarly independent set, and it is also a spanning set of EM.

Remark. It will be seen later that the standard basis is the same as the identity matrix which will be the basis for the development of
simplex method of linear programming. This may be renamed as basis matrix also.

li-Matrices and Determinants

[ 2.8 MATRICES |

Matrix algebra is extremely useful is solving a set of linear equations. Any linear programming problem can be
solved with the help of matrix algebra. In particular, the algorithm (a systematic procedure) of the simplex
method is based on the concepts of matrices and inversion of matrices. It is also useful in the study of games
and optimum strategies. Therefore it is important for the reader to become familiar with the basic propertics of
this area of mathematics.

2.9 DEFINITIONS » |

Matrix. A matrix is a rectangular array of ordered numbers, arranged into rows and columns.
Given below are several examples of matrices :
Example 1 Example 2 Example 3

| 4 | 4 3 213
25 02 1 35 4
4 6 7

2 X 2 matrix. 2 X 3 matrix. 3 X 3 matrix.

Matrix A of size (m X n) is a rectangular array (table) of ordered numbers arranged into m rows and n columns
represented by

a ap ... 4
a1 G ... G |_

A= . . . - [aij}m xn
Ayt Q2 ... Gy

Note that a matrix is simply used to convey information in"a concise manner and in an acceptable form for
mathematical modelling. Taken as a whole, a matrix has no numerical value. The elements a;; for i=j, ie.
day . a4z s ... » and so on, are called principal diagonal elements, others are called off-diagonal elements.

Square matrix. Any matrix in which the number of rows equals the number of columns (i.e., m = n) is called
a square matrix.

Example 1 & Example 3 above are square matrices.
Diagonal matrix. A square matrix in which all off-diagonal elements are zero (i.e., a;;= 0 fori #)) is

called a diagonal matrix.
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2
Forexample, [ ] . is a diagonal matrix.

Identity (or Unit) matrix. A diagonal matrix whose all principal diagonal elements are 1 is called an
Identity (or Unit) matrix denoted simply by /.

1 00

For example, I={o 1 0

0 01

is an identity matrix of third order, sometimes denoted by /.

Note. / is necessarily a square matrix.

Transpose matrix. The transpose of a matrix A = {a;], denoted by A" or AT is a matrix obtained by
interchanging the rows and columns of A. For example,

Original Matrix A Transpose Matrix A”
1 4
["‘ 2 é] = 2 5|
3 6

Symmetric matrix. A square matrix A is said to be symmetric if the matrix A remains the same by

interchanging the rows and columns of A (i.e., a;=aj orAT= A).
a h g 1 2 3

Forexample, h b fl,]2 45
g f ¢ 3 56

Here itis observed that the elements at equal distances above and below the principal diagonal are equal.

Row matrix. A matrix having only a single row is called a row matrix (orarow vector).Itis an 1 X n matrix.

Column matrix. A matrix having only a single column is called a column matrix (or a column vector). It
is anm X | matrix.

For example, Row Matrix Column Matrix
I
(132 3]
2

Null matrix. A matrix whose all elements are zero is called a null matrix.

| 2.10 MATRIX OPERATIONS |

Addition and Subtraction. Two matrices can be added only if they have the same dimensions (order). If the
number of rows and columns of the two matrices are same, then the sum of two such matrices can be obtained
by adding together the respective elements. Matrix addition is also known as elementwise addition.

Rules for matrix subtraction are the same as those of matrix addition. The matrix subtraction is an elementwise
subtraction. The following are the examples of matrix addition and subtraction. ‘

Example of Addition

MatrixA + MatrixB = Matrix C

24-2+-6 26__2—64+2—2+6___—-464
4 1 6 1 -1 2 ) [4+1 1-1 6+2 5 08

Example of Subtraction

Matrix A—- Matrix8 = Matrix C
2.4 -2) (-6 2 6)_(2-(-6) 4-2 -2-6)_(8 2 -8
4 1 6 1 -1 2 4-1 1-(¢-1) 6-2 32 4
Muiltiplication by a scalar. The scalar mulfiplication of a matrix A = (a;) by a scaldr (real number) ais a

matrix obtained by multiplying all elements of A by a. For example,
Scalar 3x Matrix (A) = Matrix (3A4)

203 4 6 9 I2
3’((1 2 5)*(3 6 15)‘
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Negative of a matrix. The negative of a matrix A = (a;) is obtained by multiplying all elements of A by

scalar — 1, For example,
(23 a)_(-2 -3 -4
-1 2 5] 1 -2 -5

Laws governing the addition and scalar multiplication. For any three matrices A, B, C and scalars
o, B , the following properties hold :

(i) A+(B+C)=(A+B)+C (i) A+0=0+A=A (iii) A+(-A)=0=(-A)+A

(v)A+B=B+A (v/ oA+B)y=ocA+0B (vi) (u+P)A=04+PA

(vii) a(BA) = (aP) A = f(0a) (viiiy 0A=0. -

Matrix multiplication. Two matrices can be multiplied together if the number of columns in the first
matrix is equal to the number of rows in the second matrix. Remember, if this condition is not satisfied, the
multiplication is impossible. A

. . B
The following are some examples of matrices thatcanor mx [ 7] s
cannot be multiplicd; consider first matrix (A) and second
matrix (B).
(A) (8)
]
First Example : ( P23 ) x|2
4 5 6
2x3 3 Ix1
Here number of columns in (A) is equal to the number of if n=r if n#r
rows in (B). C=AB Multiplication
So matrix (A) can be multiplied by matrix (B). (m xs) is not possible
(A) B Fig. 2.6
3 3 21
Second Example : 1 x (5 46 )zx X
3x1

Here number of columns in (A) is not equal to the number of rows in (B).
So matrix (A) cannot be multiplied by matrix (B).
Existence of matrix multiplication can also be explained by Fig. 2.6.
If the multiplication is justified, product AB can be computed through row-by-column multiplication rule,
as shown below.
MatrixA x Matrix B = Matrix C

a G
Lo
R\~ (12 31 s 2l (rG RGY_(1e zol
Ry> (45 6L .. |3 ol RCy RCy ) T(32 47},
[ 2
where RC=(12 x| 2 |=(x1+2x243x3) =14, RC=(1 2 3)x| 3 |=2+6+12)=20
3 4
1 2
R,Ci=(4 5 6)x|2|=(4+10+18)=32, RC,=(4 5 6)x| 3 [=(8+15+24)=47.
3 4

Laws of Matrix Multiplication. Since the matrix multiplication has been defined in terms of
multiplication of numbers, the following properties can be easily verified to hold good :

For any three matrices A, B, C and scalaro ,

(i) (AB)C=A(BC) (ii) A+B)C=AC+BC (iii) AB+C)=AB+AC

(iv) Al=A=IA (v) o(AB)=(0A)B=A(0.B) i) (AB)=BTAT

wii)A+B) =AT+B" ,
provided that the matrix multiplication is justified in each case.

Remarks :
(i) The product BAmay not be necessarily defined even when ABis defined.
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(ii) Evenif ABand BAboth are defined it may be possible that AB = BA.
(i} Unlike number system, AB= O, even when A= O, B O. For example,

(3 o)(s (6 8)

2.11 DETERMINANT OF A SQUARE MATRIX 1

The determinant of a square matrix A, denoted by | A1, is a number obtained by certain operations on the
clements of A. If A is a (2 X 2) matrix, then

[Al= an ap
“la = a4y — a)a;.
21
For the determinant of third order,
ay a4y ag
a a a a a a
1Al=|ay ay an =ay, azz azs —a aZl az +ap a21 azz
32 a3 31 3 31 43
azy az; asz
1 273
Forexample,ifA = |4 5 6 |,then
7 8 9
_1]5 6 23 2 3] _ B
IAI—II8 9l-4 g o|*7|s 6'-(45—-48)-4(18—24)+7(12—15)—0.

Singular and Non-singular Matrices. A square matrix A is said to be singular if its determinant | A | is
equaltozero. If1 A | # 0, then A is called non-singular. :

2.12 COFACTOR _ ]

Each eléient of a squared matrix (that is 2 X 2 and larger) has associated with it a cofactor.

Definition. A cofactor can be defined as that element or group of elements that remains when a row
and a column have been removed from the matrix with appropriate sign.

In order to determine the sign of the cofactor, it is necessary to add together the location of the row and
column which have been removed. If the total is an even number, the sign of the cofactor is unchanged. The
odd numebr means the sign is changed.

i 8 4
Example. Consider the matrixA=|1 2 l}
6 4 9
To determine the matrix of cofactors C, we let
Gy Cpp G
C=lG Cp Gy
Gy Gy Gy

Cofactors Cy, , Cy5, Cy3, etc. can be easily computed as follows :

Chi=n'! l -i ; ' (by deleting first row and first column) = + (18 - 4) = 14.

2 ; (by deleting first row and second column) = - (9 — 6) =— 3.

Cip=¢n'""
Cl3 =(- l)I+3

Other cofactors Cy; , Cy; , Cp3, Gy, C3 and C; can also be determined in the like manner.

1
6
é i by deleting first row and third column) = + (4 — 12) = — 8.

| 213 ADJOINT OF MATRIX

The adjoint of a matrix is the transpose of the matrix of cofactors. For example,
Original Matrix (A) Matrix of Cofactors (C) Adjoint (Cr)

(3] = (@@ -3
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[ 214 INVERSE OF A MATRIX

Definition. The inverse of a non-singular square matrix A is defined by a non-singular square matrix A~ :
such that AA™" = A™" A = I (Identity Matrix). '

The inverse matrix (A™ ') can be obtained by performing row operations on the original matrix A. The row
operations are :

1. Onerow may be interchanged with another row.

2. Arow can be multiplied by a number.

3. Onerow can be added to or subtracted from another row.

4. A multiple of arow can be added to or subtracted from another row.

Thus, to obtain the inverse of a matrix A, we convert the original matrix into an identity matrix of similar
size as A by using row operations.

Inverse Formula. The inverse of non-singular square matrix A can also be obtained by using the formula.

A"——]——(adj.A), IA1#0.

THAL
Example. Lct A =[: —ll ]
Since | A | =— 2, Ais non-singular, and-hence A~ ! exists. To compute A~ !, start with the following matrix
1t 1 1 0
(AI)—[I -1 : 0 1y
. ¥ JP 1 10
Sub[raclrowllromrowZ.[o —2 o l]'
. i 0
D|v1dcrow2by-—2.[0 L2 it
Subtract row 2 from rowl:[(l) ? :: ll//22 _:;%]
. -1_1172 172
Thus A "[1/2 —I/Z}
Itcan be verified thatAA™ ' =A™ A =1.
. . N _ -1 =1)_[1/2 172 )
Alternative. By formula, A —IAI(adj.A).-_Z(_1 ) ])—(]/z _1/2)

Properties of inverse of a matrix :
Let A and B be two non-singular matrices of the same order. Then

(i)ABY ' =B A iixATY = @i (a7 = A
| 2.15 RANK OF A MATRIX |

Before defining the rank of a matrix, it will be better to make the concept of rank clear by considering a
numerical example.

Lctusconsideramatrix,A=[; "|3 3]

Clearly, the matrix A possesses a largest minor of 2 X 2 order which may be obtained by deleting any one
column. If at least one 2 X 2 minor is not equal to zero, the rank of A will be 2. If all 2 X 2 minors are zero, the
rank of A will be less than 2. Here one of the ]2 X 2) minors, say

-3 4| _
| 2|-—6—4¢Q

Hence rank of A will be 2. In case, all (2 X 2) minors comes out to be zero and the matrix is not a null
matrix, then the rank of matrix will be 1.
The rank of null matrix is always zero and the rank of identity matrix of order n will be n.
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Definition. A positive integer r is said to be the rank of a matrix A (denoted by p(A)) if,

(i) matrix A possesses at least one r-rowed minor which is not zero, and

(ii) matrix A does not possess any non—-zero (r + 1)~rowed minor.

Equivalent Matrices. Two matrices A and B are said to be equivalent, if and only if, p(A) = p(B),
denotedby A ~ B.

If the matrix A* can be obtained from matrix A by suitable row (column) operations, then A* is also called
cquivalentto A, i.e, A* ~ A. ‘

Properties of rank of matrices :

The following are the properties of the rank of a matrix :

(()A* ~ A = p(A*) = p(A), (i) p(AT) = p(A) forany matrix A,  (iii) PpA=reA-~ [(I)" 3 J

(iv) p(AB) < min {p(A), p(B))} for matrices A and B, such that AB is defined.
[ 216 QUADRATIC FORMS B

In 2-dimension. Let x=[i'J be a column vector in 2-space and 2 (2x2) matrix A given by
2

a a2
Az[ 1" ]
az1 an

then a function of two variables: denoted by f (x; , x;) or Q(x), is called aquadratic form if,

Q(X)=XTAX=(XI,X2)[aII alz:”x‘]=anx|2+(a|2+azl)x|x2+‘122x22~= 523 % a; X; X; .
ax axp || x i=1 j=1 :
X1
In 3-dimension. To extend the 2-dimensional case to 3-dimension, we letx =| x, |in 3-space and
H
an ap ap]
a2 (3 % 3) matrix A =[a2| ay an |,
a3 asz az |

then a function of three variables, denoted by f(x, , x , x3) or Q(x), is called a quadratic form if

Q(x) = (x , x2 , x3)

[ an

az)
L 431

a3
a;
as;

a3
azs
aszs

Xy
X2
X3

|

2 2 2
=dnxy t+ank; +ayxs + (@ +ay) xixg + (a3 + ay) X + (a3 + azy) xax,

3 3
=-i§l jEl aj; X; Xxj .
In general, we can similarly extend two and three variables quadratic forms to n variables case as follows :

Definition. Letx = (x, , x, , ..., X,) and (n X n) matrix A = [a;;], then a function of n variables denoted by
fxy . x, ..., x,) or Q(x), is called a quadratic Sforms in n—sapce, if
n n

Q) =x" Ax= 2y E i

Without any loss of generality, the matrix A can always be assumed as a symmetric matrix A= AT),
because the coefficient of (xix;) is (@ + a;;) (as already seen for two and three dimensions). In case, matrix 4 is
not symmetric, we can always construct a symmetric matrix B by using the property

T T 1 T 1
X Bx=x"Ax =>B=5(A +A ),whereb;j=bj;=§(a;f+q,~,-) .
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Thus B will be symmetric by construction. This assumption has several advantages and hence is taken as a
restriction.
Example 1. Consider the quadratic form
_ P 0= |__T
Q(x)—(xlsXZ)[z 7.][x2]"‘x Ax

Simplifying we get

ox) = ].J\fl2 +O0+2)xxy + 7x22= x,z + 2x1%5 + 7x22. (1)
Now construct the symmetric matrix B by using the property :

1 0 |

1 r, 1 2
E(A+A )=—2—[L2 7J+(0 7]] where A = 2 7

4 A a)

which is clearly a symmetric matrix. Now consider the quadratic form
, 1

Q(x):xTBx=(xl ,XZ)[ } 7:”:i;j|= 1.X12+(] + 1)x|x2+7x22=x12+2x1x2+7x22 (11)
From (i) and (ii) we observe that both the quadratic forms, Q(x}, are the same.
Example 2. Verify that the quadratic form i L

10 s r
OX)=(x;,x,x3)]| 2 7 6 || 2 |=x Ax
(3 0 2| x
is also same as the quadratic form S
(o 2] m |,
Q(x)z(xlw\'zwﬁ) 1 7 3|1x|=x Bx
23 2| x

It should be verified that B = % A+ AT) is a symmetric matrix in the second case.

Now we are interested in the properties of quadratic forms because sufficiency condition for extreme points
may be expressed in terms of a quadratic forms. The following definitions are useful in the investigation of critical
points.

Properties of Quadratic Forms :

(i) Positive definite. A quadratic form Q(x) is positive definite if and only if Q(x) is positive (> 0) for all
xz0.

For example, o(x) = (x1 , x2) (2) 2 Ei' = Zx,2 -%-4):22

2
which is greater than zero (> 0) when x # 0 . So Q{x) 1s positive definite.

(ii) Positive semi-definite. A quadratic form Q(x) is positive semi-definite, if and only if, Q(x) is
non-negative (= 0) for all x and there exists an x # 0 for which Q(x) = 0.

Forexample,  Q (X) = (x|, X)) -g _; ;' =8x7 — 8xyx, + 2x22 =2(2x — x2)2 ,
which is zero for all x satisfying 2x; = x, , positive for all other x, and thus Q(x) is positive definite.

(iiiy Negative definite. A quadratic form Q(x) is negative definite if and only if, — Q(x) is positive definite. In
other words, O(x) is negative definite when Q(x) < O forallx #0.

Forexample,  Q(x)=(x;,Xp) [_f _ ; ] 2 ] =- 2x,2 +2x1xp — 3x22 =— [2)c|2 —2x1xp + 3x22]
which is negative whenx # 0.

(iv) Negative semi-definite. A quadratic form Q(x) is negative semi-definite., if and only if, - Q(x) is
positive semi-definite.

Forexample, Q(x) = (x; , x3)| ~ : _ : [2] ==X+ 20— x5 = — (X -x),
which is less than or equal to zero for all x, and zero for x # 0 when x) = x; .

(v) Indefinite. A quadratic form Q(x) is indefinite if Q(x) is positive for some x and negative for some other
X.
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For example, o) =(x; , xp) [ : B ; ][i' :l=x,2 - 2x22 ,
- 2

2 0
Xy # 0 is any arbitrary real number.

which is positive for x = [i' ]:[x' ] where x) # 0 is any arbitrary number ; and negative for x = [22 ] where

lll-Linear Simultaneous Equations

L2.17 SIMULTANEOUS EQUATIONS : NATURE OF SOLUTIONS IN DIFFERENT CASES 1

Let us consider the problem of finding values of variables x; and x, satisfying simultaneously the linear
cquations :
X+ 2x;=8and3x; +x,=9 ..(2:1)

Definitions. A pair of values for x; and x, satisfying (2-1) is called a solution to the equations. A unique
solution exists when only one pair (x, » X2) will satisfy
the equations and there is no solution if no pair of X
values satisfies the equations. T

First we see the problem (2-1) graphically. We plot
both the equations in the graph as given in Fig. 2.7.

The problem demands for those values of x; and x,
that are common to both the equations (lines) :
X} +2x; =8 and 3x| + x5 = 9. In this case, the answer is
a single point A=(2,3). The solution values are
xy=2and x, = 3.

Next consider another set of equations :

X +20=83x+x=9 and x;+x,=4. ..(22)

As seen in Fig. 2.7, no pair (x;,x;) exists that
satisfies all the three equations simultaneously. So
there is no solution to (2-2). Such simultaneous
cquations are callcd inconsistent.

Now changing the last equation of (22) by
x| +x3=175,the system becomes :

X +20=8, 3x+x0=9, x;+x=5...23)

In this case, any two of the three equations would
have provided the unique solution point A, so one of the
equations is said to be redundant (in excess).

Again, let us change the problem. We consider the single equation : x; + 2x,; = 8 .(2-4)

Of course, there exist values of x; and x, satisfying the equation (2-4). But, besides the solution xXp=2,x=3
all points on the line x; + 2x, = 8 satisfy this equation. So the number of solutions is infinite. Although, some
specific solutions can be obtained by setting one of the variables equal to some value. For example, set x, = 0, then
find x| = 8. We will find some such solutions particularly useful in linear programming (called basic solutions of
lincar programming problem.)

Summary of results for two-variable case :

We may summarize the results obtained for the simultaneous equations of two variables :

(i) Two variables and more than two equations normally have no solution.

(ii) Two variables and two equations normally have a unique solution.

(iti) Two variables and less than two equations normally have an infinite number of solutions.

(iv) Redundant equations may reduce case (2-1) to case (2-2) or (2-3), and may reduce the case 22)to

case (2:3).
(v) Inconsistent equations in case (2-2) have no solution.

O

N W &V W, N 9 oo

T

I 2 3\ &N 5.6 7 s<9 10”0

Fig. 2.7
Simuitaneous Equations

o
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The results (iv) and (v) generalize to the n-variable case as follows :
(a) n—variables and more thann equauons have no solution, unless there are redundant equations (in
which case the solution may be umque or there may be an infinite number of solutions).
(b) n variables and n equations have a unique solution, unless the equations are inconsistent (there is
no solution) or unless some equations are redundant (the number of solutions is infinite.)
(c) n variables and less than n equations have an infinite number of solutions, unless there are
inconsistent equations (in which case there is no solution).

[ 2.18 NUMERICAL SOLUTION OF SIMULTANEOUS EQUATIONS |

For simplicity, again consider the system (2-1) of simultaneous equations :
Xy + ZXZ =8
I +x = 9.
In matrix notation, we can write as

[; f]{i;]:[g] or  Ax=b, (25)

where A=[l 2] x_[ ']andb=[8].

3

Now using the fact that A~ "A=Tand Ix X, we premultiply both sides of (2-5) by A~ !and simplify :
A'Ax=A"borx=A""b.
Thus, formally, the solution to (2-5) can be obtained if we know the inverse of matrix A .
However, this is not an efficient method of solving the equations because, large number of operations are
required to find the inverse of A . So the method based on the technique of Gaussian elimination require fewer
opcrations.

2.18-1. Gauss-Jordan Method
The solution of simultaneous linear equations can be easily obtained by simple version of Gauss-Jordan
method. The step by step procedure is outlined below :
Step 1. The first step is to form the augmented matrix [A : b] in which the column vector b now forms the
additional colunmn.
Step2. Then we apply either the following row operations systematically, to obtain a matrix with ones and
zeros in appropriate positions :
(i) multiply or divide all elements of a row by some suitable number; or
(ii) replace a row by the sum of that row and a multiple of some other row.
Step 3. Finally, the solution to the original system may be read off.
Following numerical examples will make the procedure clear.
Example 1. Obtain the solution of the system of simultaneous equations : x; + 2x; =8, 3x; + x, =9,
by Gauss-Jordan method.
Solution :

Step 1. Theaugmented matrix is obtained as follows : [A : b] = [ ; 2 8 ]

1 : 9
Step 2.
(i} Subtract 3-times of first row from second row to get, I:(') _i C li}
(ii) Divide third row by — S to get,[(l) 28 ]
(iii) Subtract 2-times of seccond row from first row to get,[(l) ? i]

X +0X2=2

Step 3. Rewriting the set of equations, we have {Ox o= } which immediately give the solution
I 2=

X|=2,XZ=3.
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Example2. Solve the system of equations :

X|+2.X'2+ X4 =7,
Xy + X3+X4+ X5. =24,
x —3x, +2xs =8,

Jorxy, x3 and xs in terms of the remaining variables x, and Xq.

Selution. The given system of equations can be written in the matrix form as :
€, C €3G Cs Cg

N A )
Ri=11 2 o107 7
RR=lo 1 111 ‘2
Ry»|1 0-3 02 '8

Since the columns corresponding to variables x, , x5 , and xs are indicated by C, , C; and Cs respectively,

we apply operation (i) or (ii) torows R , R, and R till the columns C), C; and Cs becomes
I 0 0

0./ t|.and | 0 |,respectively.
0 0 1
1 2 6 P 0: 7
Thus applying operation Ry — Ry ,weget{0 1 1 1 1 :24
0 -2 -3 -1 2:1
L 2010:7
Applying 3R+ Ry ,weget|o 1 1 1 1 :24
01 02 5:73
12 0 1 0: 7
Applying I/5 Ry, wegetlo 1 1 1 1| : 24
0 ¥ 0 % 1 7%
1 2 01 0:7
Applying Ry — Ry, weget|0 45 1 % 0 : 4%
0% 0 % 1 :7%
Rewriting as a sct of equations, we have
x|+2xz + X4 =7
%XZ+X3+%.X4 ==47/5,
1 2
) +ixgtxs =73,

which gives us the required solution :
X)) = 7 - sz = X4,

=4_4,_3
=g -sX2—5x%,

_B_1__2_
X5—»5 SXZ 5%4.

2.18-2. Computer Program for Gauss—Jordan Method
A FORTRAN subroutine for solving a system of equations by the Gauss-Jordan method is given below.

SUBROUTINE GJ (A,N)
DIMENSION A (20, 21)

NI=N+1

DO IK=1,N
Ki=K+1 1
DO 2J =K1, NI

2. AK,)H=AK,))/A (KK, K)
DO II=1,N

IF@.EQ.K)GOTO 1

DO 3J =KI1,NI
3 AQ)=A1,))-A(,K)*AK,J))
1 CONTINUE
RETURN
END

-
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IV-Differentiation and Integration

{ 2.19 INTRODUCTION

Calculus (differentiation and integration) has wide application not only for classical optimization techniques
but also for inventory models, non-linear programming, and other advanced OR models. So the differentiation
and integration are presented along with their formulae for those readers who have elementary knowledge of
mathematics.

| 2.20 DIFFERENTIATION

Differential calculus (differentiation), also called the mathematics of change, is used for determining the slope
of a line tangent to a curve at a point on the curve. This concept gives the solution of many complex business
problems.

Definition. Let us consider any curve y = f{x) ; where y is the function of x. If the change in x is Ax and the
change in yis Ay , then

Ay=(p+Ay)—y=f(x+Ax)—f(x) and Ax=(x+Ax)~x.
The limit of the ratio X,)\t_’ as Ax — Ois called the first derivative of y with respect to x. This is defined by
dy lim  Ay_ lim fx+Ax)—f(x)
dc~ Ax—>0 Ax~ Ax—0 Ax ’

where y is the function of x. The geometric interpretation of the derivative, then, is the slope of a line tangent to
acurve at a point.

2 3
Higher order differential coefficients are denoted by -3% , i—% , etc.
% :

2.20-1. Ditferentiation Formulae
Mathematicians have developed rules for differentiation with which we can find the derivative of a given

differentiable function. The more commonly used formulas where c is a constant, and « and v are the functions of x
are listed below.

List of Formulas to Remember :

i. %(c):O. 2. Ed;(cx)=c%(x) 3. %(x)=l
4 i(u+v)-£i£+ﬂ 5 i(u*v—@-—*d—v- 6 -4~(u v)--u£+v9,ﬁ
T odx Tdx  dx T odx Tdx  dx T odx “Tdx dx
Jdu_ v
du)_ Ve "dx d o aoidu 4, lde
7. § S 1= ) 3 8. dx(u)—nu I 9. dx(logu)-—udx
a . uau
_lO.dx(e) e o

2.20-2. Partial Differentiation
Let u be a function of two variables, say x and y, denoted by u =f (x, y). Then by differentiating u partially

with respect to x, we mean that y is treated as constant. This is symbolically denoted by gu . Similarly, by 3—3

we mean the partial derivative of u with respect to y treating x as constant.

. ) o Pu  8u 822
Higher order partial derivatives are denoted by — , , , etc.
g P y Sx?’ Ox By’ §x?

[ 221 INTEGRATION

While differentiation is the process of measuring small changes in value, its opposite, the process of summing
the intervals under a curve, is called integration. A very brief mathematical background is presented here.
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Indefinite Integral. The function found with anti-differentiation is called the indefinite integration. The
indcfinite integral of function fis defined as
‘ [fmyde=Fey + C,
the constant of integration C must appear in every indefinite integration.
Here, if f{x) is the differentiation of F(x) + C, then F(x) + Cis called the integration of f{x) with respect to
X.
Definite Integral. The definite integral is sometimes called the process of summation. The integral

b
J 7 dx = (et = Fb) - Fea),

where the Ictter « at the bottom of the integral sign is the lower limit of integration and the letter b the upper
himit of integration. Since this integral has a definite value equal to the area bounded by the curve y = f (x) and
the lines x = a and x = b is called a definite integral.

List of Integral Formulae to Remember :

Integration formulas or rules which are part of the mathematical system of calculus are stated below :

L Joyde=c. 2 JAudu=A[udu+c

3. Jyde=x+cC 4. Jwevdx=fudc+[vae+c.
5. f(u—v)dx:Iudx—J vdx+C 6. Ju"du=:'::+c,n$—l
7. Iu"'du:logu+C 8. Ie"du=e“+C
9. Jt{.tfldx=ujvdx—J[%xIvdx)dx
= (1) x integral of(ll)—f(lntegraxofn)x(%(f))dx
[ 2.22 DIFFERENTIATION OF INTEGRALS ]

We are interested here to find the formula for derivative of the functions given in the form of integrals.

2.22-1 Derivative of Single Integration

Case 1. Where x depends on z, and f (x, z) has a single definition in the region of integration.

b@ 11 I
Letthe given functionbe ~ F(z) = | o feads, .(26)
az

where a(z) and b(z) are the limits of integration expressed as the function z.
If f(x,z) possesses a continuous derivative with respect to z throughout the region
c<z<d,a(z) £ x <b(z) and, if the derivatives da(z)/dz and db(z)/dz exist, then treating the r.h.s. of (2-6) as
Mz)
the product of two functions, viz. J. dx as I-function and ‘f (x, z)’ as II-function as indicated above, we get
a(2)

the derivative :
@ = (I-function) X (partial derivative of Il w.r.t. ‘z’) + (II-function) x (derivative of I w.r.t. ‘z’)

az
. . Kz2)
=J.h(4.)_a[gt+z)dx+[f(x’ 2. d h()gd ]
z4

) ey dz ™ a(2)
"D 9f (x, 2) db(z) da(z) .
=[S dee| 10,0 2 flat, 1 942 | @7

for all values of z in the interval ¢<z<d. In particular, if a(z)and b(z) are constants, then
da(z)/dz =0, db(z)/dz = 0. Consequently, we have
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dF(z) J"’Sf(x,z)d

..(2:8)
Furthermore, if the integral onr.h.s. of (2 8) converges, the result is still true when b — eo , @ — — oo,
. 2
Example 3. Find the derivative of the function F(z) = I X7 dx (with respect to z).
Z
Solution. With the help of the result (2-7), we have

dF@) _d| % Y 2=a(xz) 20 dx :
dz _dZ[Jz (x )dx] I de+i xz dz |,

2z
{7222 2.3 _2 3dz
_jz 3zxdx+[(22)zdz(22) 2.z dz]

2z
2z 3 .

= I 32 dx+ 77 =32 [ % ] + 72> = 142’ for any positive value of z.
Z

iz
Case2. Whenf(x, z)is defined in different forms in the sub-intervals of 0 < x < - ,and x depends on z.

Particularly, in inventory problems, we often come across to differentiate F(z) defincd by
Fo=| fe.ods, (29)

_JAiGx,2) for0 <x<b(z)

f(x,Z)—{fz(x,z) for b(z) <x < oo ~(210)

We can find dF/dz only when the function f (x, z) is a continuous function of x, which has a continuous
derivative w.r.t. ‘z’ except possibly at points on the curve x = b(z).

Thus, in view of (2:10), we may express F(z) as,

h(z) oo
F(2)= I fl(x,z)dX+Jb(z)f2(x,z) dx 21D
» OSbe(z) x2b(2)
Now, using (2-7), we find that
h(z)
% af' J afz db(Z) [f, [b(z), 2] - £olb(2) , c]:l (2-12)

Iffi[b(2) , z} = folb(2), 2], then 0bv10usly dF / dz may bc obtained simply by differentiating the expression
(2-12) for F(z) under the integration signs. That is,
h(2) 9 )
dF _"@af J %,

dz 79 3z z) Bz ~(213)

prOVidedfl [b(Z), Z] =f2[b(z») ’ Z]~

We now proceed to extend the result (2-12) to double integrals by applying it twice, as follows :
2.22-2. Derivative of Double integration

Case l. Whenf (x ,y , z) has a single definition within the limits of integration.

b(z) pd(v.2) '
Let GQ@) = J()j fx,y,2)dxdy. (214)
(264
Sufficient conditions for the repeated applxcatlon of (2-12) are that the derivatives 9f/dz , dc/0z , 9d/ 9z
exist and be continuous w.r.t. ‘z’ throughout the region of integration. Then by writing

(v.2)
Jd flx,y,2)dx=F(y,2),

(v, 2)

eqn. (2-14) becomes

b(2)
6@=] rv.0d.
agz,
Then, applying (2:12) we have
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dG (@ 9F db(z)
= _ d +—=
dz ap 0z YT 4, f6@)., 2]

The result, which is analogous to (2-7), is

dG b(z) £d(y,2) J b(2) ad , b(2)
Eo ] Laxaye | D piay, 0, yiade-[ LD fter 2.5z ds

Z a(z) Ty, 2) aZ

_da(®)

& Fla(z) , z].

db(z) dih(z) , 2] ' da(z)
+F fc[b(z) L Seb@idd= SR flx @) dx .(215)
Case 2. When f (x ,y ; z) is defined in different forms within the region of integration.
Let aregion R of the xy-plane be divided into disjoint subregions R; where X R; = R , and suppose that for
each sub-region R;, there corresponds a functionf; (x , y ; z) . Suppose F(z) is defined by

F(Z)=>,? JR“f,-(x,y:Z)dxdy-

J dla(z) , 2]

of
Then, we may calculate dF/dz by %—f =X jR '”—afzi dxdy, -
i i

provided the following two conditions are satisfied.

(i) The boundary of the entire region R does not depend on z.

(ii) If R; and R; are adjacent sub-regions, then fi(x,y;2)equals f; (x, y ; z) at all points (x , y) along the
common boundary of R; and R; .

This entire procedure is illustrated by an example in Model VIII (b) (of ch. 21 on Inventory/Production
Management-II on page 159 (Unit4) ).

V- Calculus of Finite Differences

[ 2.23. DIFFERENCE OPERATOR

Let us consider a function y =£(x) defined only for integral values of independent variable x. Here y isa
dependent variable. _

Suppose we are given equidistant values (finite innumber)a,a+h,a+2h,a+ 3h, ... for variable x at
an interval of ‘h’. Then, the corresponding values of the variable y are :

f(a).f(a+h),f(a+2h), ..., andsoon.

The values of independent variable x are known as arguments and the corresponding values of the
dependent variable y are called entries, e.g. f (a +h) is the entry corresponding to the argument a + h, and so
on. The interval ‘4’ is called the difference interval. Unless otherwise stated, the interval of difference is

always taken as unity, i.e. A= 1.
Now we shall define a difference operator A which is of fundamental importance in the calculus of finite

differences. . .
Definition. The ‘first difference’ of f (x) is denoted by A f (x) defined by the formula

Aflx) =f(x+ 1) — f(x) (taken A = 1, here). ...(2-16a)
Successive differences can also be defined. For example,
Azf(x) =A[fx+D)—fOl=f(x+2)-2f(x+1)+f(x). ...(2-16b)

We call A? the second-order difference operator or difference operator of order 2. In general, we define the
(n + 1)th order difference operator by,

A ) =A[A ()], for n=0,1,2,3, ... (2:17a)
Further, it can be easily verified that
A ) =AM AL W] =A [+ ) = f @] =A"f(x+ 1) - A" (x). ..(2:17b)

Now, we observe that (2-17b) is true for all integral values, n 2 0, if
A° = Identity operator, e.g. A° f (x) = f (x) : and A=A
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[ 2.24 FACTORIAL NOTATION

Definition. The nth factorial of x, denoted by x| is defined by
=xx=1)(x=2)... (x—n+1),
where by convention x® = 1.

~ . . . (-n) - 1
Similarly, the nth negative factorial of x is defined by x PP LY T —

| 2.25 FORMULAE FOR FIRST DIFFERENCE OF COMBINATION OF TWO FUNCTIONS

If f(x) and g(x) are any two functions of x, then the following formulae can be readily verified.

I A[flx) + g(x)] = Aflx) + Ag(x) 6. AL = ™™V where x™ is the fuctorial function of degree
n.
o2 Alo fix)] = a Af(x), where o is some constant. 7. In particular, Ax=(x+ 1) ~x=lor 1 =Ax.
3 A [fix) g(0] = flx) Ag(x) + g(x + 1) Afix) 8. Ald"] = d"(a - 1), where a is some constant.

= 8(x) Afx) + fix + 1) Ag(x)
=1x) Ag(x) + g(x) Afix) + ARx) Ag(x)
41 a [ 9 ] = #0870 Z 0 Ag) % | AFGI="C -\ . where ris fixed and “C, = ——

£ g+ 1) gx) rta=-nt

5. | A[ L]l
fx) | fx+1) fixn)
[Note. It is observed that formula (6) is analogous to the formula D(x") = nx"~ "in differential calculus.

Most of the above formulae are analogous to the corresponding formulae in differential calculus. Hence,
these can be remembered easily. ]

I 2.26 CONDITIONS FOR A MINIMUM (MAXIMUM) OF 7(x)

The function fix) will have a ‘local minimum’ at x = xo , provided both the following conditions are satisfied :
fxo+ 1) =fxg) >0, i.e. Afxy) >0,
Sxo) —fixg—=1)<0,ie. Aixg—-1)<0.
Thus, we conclude that f{x) will have a ‘local minimum’ at x if
Afixg—1) <0< Afixg) . ..(2:18)

The function f{x) is said to have ‘absolute minimum’ at x, if f{ixg) < f{x) for all x.
Therefore, sufficient conditions for f{x) to have an ‘absolute minimum? at x; are :

Afixg— 1) <0 < Afixg) , and also that A> f{x) 2 O for all x .
The sufficient conditions for flx) to have an absolute maximum at x, are analogous, i.e.

Af (xo—1)>0> A f(xp) , and also that A2 fx) < 0 for all x .

Remark. It is to be noted that these conditions are sufficient for a minimum (maximum), however, they are not necessary. A
precise statement of necessary condition is not given here. .

[ 2.27 SUMMATION OF SERIES |

If flx) be the continuous function defined fora < x < b , by fundamental theorem of integral calculus, we know
the formula
b b
| ) dx=1F(01. = Fb) - Fa) (2:19)
a

where F(x) is an anti-derivative of f(x).

Now the following theorem will give us an expression quite analogous to (2-14) if f{x) is defined only for
the integral values of independent variable x ranging from a to b.
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Theorem. [ff(x) be defined only for integral values of independent variable x, then
b
‘E“ fX)=fa)+fla+1)+.. +£Alb) = [F(x)]z+ '=Fb+ 1)~ Fa),

where F(x) is an anti-difference (instead of anti-derivative ) of x), i.e. AF(x) = flx) .
Proof. Sincc AF(x) =f{x) , we have

EFCE 2, AR =% [Fix+1) - Fo)

=[F(b+ 1)~ Fb)] + (Fb)-F®B-D]+... .+ [Fla+1) - F(a)]
(sincex=b,b-1,b-2,... a+1 ,a)
=Fb+1)- F(a).
Thus, if F(x) is an anti-difference of filx),ie. A” Ij(x) = F(x) , then

2 S0=IFOL = Fb+ 1) Fia) -220)

This completes the proof of the theorem.
Note. We note that the upper limit in expression (2.20) is & + 1 and not b, unlike in expression (2:19).

Exampled. Use the method of finite differences to find the sum to n terms of the series whose x-th term is
given by
x+3
o= i
Solution. We can express
SO =+ 3/xx+ D G+ D) =[x+ D) @+ DT 43 a(x+ 1) (x+ 2)T ' =62 43 (x=-1)3,

where X" represents the negative factorial function of x .

Let  Fo=A""f)=a"D43 - 1)Y= "_(_]D +3Jx:;)(_ >
Hence by virtue of resuit (2:20), we have
L A =1FWI " = Fn 1) = Ry
=[- (n+ 1) "—j_.n“z)]-[— 1- "-%0“2’]
=_[ L, 3 ]+[1+ 3 ]= S’ +1ln Ans.
1n+2 2(m+1)(n+2) 2 2x1Ix2 4n+1)(n+2)

2.28 SUMMATION BY PARTS

b
As we ‘know from integral calculus, a definite integral of the form I Sf{x) dg(x) can be easily evaluated by

intcgrating by parts, as follows :
b 1 W b
[ 1) dsa) <[ g(x)]",—]a 8(x) dftx) 221)
' b
=176 8(6) - fia) g(a@)] - | g(xp e .

where, fix) and g(x) are two continuous functions of xdefinedfora<x<b.
Now, if fix) and g(x) are defined only for integral values of x, ranging from a to b, we have a formula
nearly analogous to (2-21) in finite differences, which follows :

5o 1 pe1 b
Z, 0 8@ =0 g0l - 2 g+ 1)AfY) (222)
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k .
Example 5. Evaluate : Zl xda .
=
k _
Solution. First, we express 21 xa" in the form of L.h.s. of above formula (2-22). Thus, we have
=

k . k1 . I ¢ x
X xa = l_§l,\:A(a /(a—-1)) [because Aa' =a (a — 1)]

=1

Hence, applying the above formula (2-22), we have

. +1
k ] X k x+1
b3 xa"=[x- a T -3 |Z Ax
=1 a-1] x=1{a-1

k+1 k x+1
_ (k+1)a __a 1 $ A a 1.
a—1 a-1 a—1x=1 a—1

[because A" "' =a*'(@a-1)and Ax=1].
_k+Ddt a1 [am]“'
T a-1 a-1 (a-1) 1

[using the result (2-20)]

k+ 1
___(k+l)c]1 3 al_ 1 2x[a"+2—a2].
a- a=1 (a-1

5.29 DIFFERENCING UNDER SUMMATION SIGN J

In Inventory Model-V (Chapter ..., Page ...), where the stock level z is a discrete variable, we often feel it
necessary to compute the first difference of some function C (z) of the form
C(Z)= z f(x|,X2,-u,x,,;Z)-
Xl ,Xz g voe ,Xn
If f(xy, X2, ... » Xy 5 2) has some definition throughout the region of summation, and if the boundary of

this region is independent of z, then applying [formula (i) of Sec. 2.25 ] to each term separately, we obtain
AC(z) = T OAf(x Xy, e X3 2) s
Xy "XZV ces ,X,,

where the differences on the right are with respect 0 z. But, if fis defined in different forms in different parts of

the region of summation, and if the boundary of the region dependson z, the computation of AC(z) becomes
usually more complicated.

2.29-1 Single Summation
Case 1. When xdepends onzand f (x\ , 2) has a single definition in the region of summation.

. . . h(2)
Let us consider the function C(z) = &( )ﬂxl ,2).
Xy =a(z

Cery= 20 1
(Z+ )_ .x,:a(z+l)ﬂxhz+ )
h(z) Mzt 1) (z+1) -1
S ez S e D= 2 foanzt D)
a(z) )+ 1 a(z)
Hence AC(z) = C(z + 1) — C(2)

bg) b(z+ 1) a(z+ 1)1
= [fx, z+ D) =flx, 91+ T fx,z+ )= . fg,z+1)
a(z) h(z)+ 1 (2)

a

h(z) bz+ 1) a(z+1)-1
Afix,, )+ X fixy,z+1)— 3 flxy,z+ 1) .(2:23)
bh(z) +1 a(z)

I

a(z)
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Here itis assumed that a(z) and b(z) are the increasing functions of z ; if it is not so, some modification will be
required.

Case 2. When f (x, , 2) is defined in different forms in different parts of the region of summation.

We supposc that f (x; , z) is defined by

A2 for0<x, <b(2)
f,2)= {fz (1, 2) , for x, > b(z) .(2:24)
and that we wish to compute the difference of the function :
C= £ fix.2). (2:25)
A=

Using (2-22), this can be written as
h(z) o
co= L fwma+  E ..

Now, applying the result (2-23) to both the summations, we get

X

AC(z) = ')é)o A+ T ARkLDF B izt ) —f Gzt D] (226)

g=hz)+1 hz)+1
Iffi (i z+ 1) =f (x), 2+ 1) for all x in the interval, b(z) + 1 Sx < b(z+ 1), the result (2:26) becomes

ACR) = T Af(x,2). (2:27)
x =0

2.29-2 Double Summation
Casel. When x, ,x; both depend on z.
Letus consider the function
b(z) dx;,2)
C(z) = z fxy . x52) . ..(2:28)

Xx=a(@) xy=cxy,2)

In order to find AC(2) , we first define g(x, , z) by

d(xy, 2)
g2, )= X flx;,x;2).
xp=e(xy,2)
, ”g)
Then, (2-28) can be written as Cloy= . © 8(x2,2).
/\'2=(l
Now, applying the result (2-23), we get
b(z) h(z+ 1) a(z+1)~1
AC(D) = §.'. Aglxy, )+ T glxp,z+1)- X glxy,z+1). ...(2:29)
N =az) bh(z) + 1 a(z)
Again, applying (2-23) to g(x; , z) we get
d(xy, 2) dxy . z+ 1) ol z+ 1) ~1
L) = Af(x;,x;2)+ z X, %2+ 1)- X Xy, X252+ 1
Ag(xs, 2) »\‘.H%‘z.:)f( 1.%232) d(‘,z'z)ﬂf( 15%2 ) e Sy, x )
wherc all differences are w.r.t. *z’. Hence (2:29) becomes
/,g) d(x5,72) M) dixy,z+ 1)
)= z Af (x), x5 +§: z X;, X252+ 1)
ACE) YH=a) oy =g, ) f( e2 2) a(z) divy, 2) + 1 f( 2
h(z) .o+ )-1 ;,(z}.:.. I3 u’(.\':,,z: +1) |
- X .60 z+ D+ X;, X252+
a(z) r'(.\'zz. ) f( ! 20 ) by + | (it ) f( 1 2 )
az+1)~1 d(xy. 2 +1)
- E L, fexiz+en) +(2:30)
+

a(z) (v .2
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Hence also, we have assumed that boundary functions 4, b, ¢, d are increasing functions of z.

Case 2. When f (x yx; ; 2) is defined in different forms in different parts of the region of summation.

Let us supposc that the function f(x; , x; ; 2) be defined (asx, 4 ‘
shown in Fig. (2-8)) as
filxy x252) , for [0S x; Se(xz, 2) ;0SS b(2)] f,
falxy 5 x252) , for [elxz, 2) <xp 50 S X2 < b(2)]
falxy,x232), for [0<x; <d(xy, 2) 5 b(z) <xal
falxy , x252) , for [d(xz, 2) <x1 5 b(2) < X2 x,=b(2)

Y,z
o

1S

fo . xi2)=

Then, C(2) =%3 %f(x. . X232) f, f,

c(xz, z)

s

d oo oo

5 b o
=3 5fit3 .5 fr X FhTE i >x,

Y )
Fig. 2.8
Parts of region of summation in 2-dimension

Now, applying (2-30) to ((z), we get
h ¢ h oo o d oo oo
sco-tfaied Fanng fane E F o

ho oy, 2t l) b dxy.z+1) ]
+ )(-;- LEI ilx s xp5 2+ 1) —jalxy , x52+ 1) +b§l d§l (x1, X252+ 1) =folxy s x2 52+ 1))

bz+ 1) cay, 2+ 1)

%3 filxy, ki z+1) + z Xy, xp52+1)

h+1 ey, z+ 1) +1

d(xy, z+1) -

- b flxi.xsz+ ) - duz,zz+1)+1f“(x"x2;z+l)

The functions f; , f» , f3 , famay be of such a form that all terms except the first four cancel out. However,

we cannot state sufficient conditions for this to happen as we have done for simple case of single summations.
In practical situations, where we have to obtain AC(z) in order to minimize some expected value C(z) and

where in the continuous analogue the function being averaged is itself continuous, we suspect that AC(2)
in the discrete case will contain only four terms. So we must check such problemtosee  uch simplification is
possible. :

The example of Model VIII (a) (Page 755) will illustrate the procedure for finding AC(z) in that case.

Vi-Difference Equations

['2.30 DIFFERENCE EQUATION |

Definition. An-equation relating the values of a functiony and one or more of its differences Ay , Azy y ..., Jor
each value of a set of numbers is called a difference equation.
The set of numbers to be taken will be non-negative consecutive integers generally starting from zero.

Ay, +4y, =0 (2:31)
A%y, + 2y, + 3y, =0 (2:32)
Ay oy +40%y, =2k +1 .(2:33)

arc examples of difference equations.
Note. All difference operations are taken with a difference interval equal to 1.

Another way of writing a difference equation is as follows :
For cxample, considering the eqn. (2:31)
Ay + 4y, =02 s 1 =Y +4N=0= Yy +3%=0 .(2:34)
Similarly, equations (2-32), and (2-33), are equal to
yesa+2yc=0and 4yea3—Tlyesa+ My — 4y, =2k+ 1, respectively.
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2.30-1 Order of Difference Equation

The difference between the highest and lowest suffix ofyleg,k+1~k=1in equn. (2-34)} is called the order
of difference equation.

I 2.31 LINEAR DIFFERENCE EQUATION WITH CONSTANT COEFFICIENT: ‘]

The difference equation
Yetnt @ Yewn—1+ 4@y yop 1 +ay,=fk), .(2:35)
is called the linear difference equation of order n with constant coefficients if ap,ay, ..., a,are constants.
If the right hand side of (2-35) is zero, then the equation
Ye+ntay yk_+u—| +... +an—; 1 Ye+1 YO0 = 0 s (236)
is called a linear homogeneous equation of ordern.

[ 2.32 SOLUTION OF A DIFFERENCE EQUATION B

Consider the difference equation

Yk+1
k+1
a

k
Yk +1 —aye =0 (first order) or - aL =0, (dividing by a* l) or A [ yk/ak ] =0.
k

showing that y*/a* = ¢ , a constant. Therefore, y;, = ca*

Here y, = ca’is called the general solution of the given first order difference equation containing only one
arbitrary constant.

But, y; = 34" ,or 4d*is a particular solution (by giving ca particular value 3 or 4).

If a function is a solution of a difference equation, then it is said to satisfy the equation. The complete
solution of a general linear equation with constant coefficients given by equation (2-35) is made-up of two
parts.

Part1l. Complementary function (C.F -) which is the solution of the homogeneous linear equation given
by (2.36) containing n arbitrary constants, equal to the order n of the equation.

Part2. Particular Integral (P.1.)is a particular solution of (2.35) not containing any arbitrary constant.

Then, the complete solution is given by w=CF+Pl
[ 2.33 TO FIND THE COMPLEMENTARY FUNCTION (C.F) |
Consider the second order homogeneous linear equation
Y2t ayey 1+ by, =0 -(2.37)
Lety, = m" be the solution to (2.37). Therefore, substituting the value y; = mtin (2.37), we get
m 2 4 gt +bm*=0o0r m [m2 +am+b]=0 or m2+am+b=0,sincem #0. ..(2.38)

This is called the auxiliary equation (A.E.) of (2.37). Now to solve the auxiliary equation, three different
cascs may arise.
Casel. The roots of A.E. are real and unequal.
Letm, and m, be the roots of m* + am + b =0 . Then, C.F. = C, (m,)" + Cz(mz)" .
The general solution of the difference equation (2.37) is
Yi= Ci(mp)* + Cymy)* . ..(2.39)

Case L. The roots of the auxiliary equation are real and equal.
Let both the roots of the auxiliary equation be m. Then, C.F. = (C, + Cok) (m)k .
The general solution then, will be n=(Cy+Cyk) (m)" , since (m)’t and £ (m)k both satisfy the equation 2.37).
Similarly, if the auxiliary equation has three equal roots, then

CF.=(C) + Gk + Cyk?) (m), ..(2.40)
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Case I11. The roots of the auxiliary equation are imaginary.
Lctmy + imn be the roots of the auxiliary equation.

CF.=C{(m + il"g)k + Cy(my — imp_)k
=4 [C, (cos kB + i sin kB)] + C; (cos kO — i sin kB)
{wherem, =rcos® ,m;=rsin@, and (cos 0 tisin (-))k = cos kO = i sin kO}
= A |(C, + Ca) cos kB + i (Cy = Cy) sin 6]
We choose the arbitrary constants as
C, =R [cos B + i sin B] and C, = R [cos B — i sin B]
o C,+C2=2RcosBandCI—C2=2RisinB.
Thus, CF. = 2R [cos k8 cos B — sin kB sin B]

=Ar* cos (B+k8), wherc A=2R ,r= ‘j(mlz + mzz) and 8 =tan” ' (my/my).

lllustrative Examples
Example 6. Solve the equation yi 42 = 3ype1 +2%=0.
Solution. Lct the solution of the given equation be y, = .
Then. the auxiliary equation will be
m=3m+2=00r (m=-2)(m-1)=0 = m=2,1.

CFE.=C (1) + Q).
Hence the general solution is given by yx = C + C2(2)k .
Example 7. Solve the equation yy .+ 2 — 4y +4y=0.
Solution. Let the solution to the given equation be y, = mt.
Then, the auxiliary equation will be

i —4m+4=0o0r (m-2)(m-2)=0= m=2,2.

. CF.=(C,+C k) 2".
Hence the gencral solution is given by yi = (Ci+Crk) 2k,
Example 8. Solve the equation yi .2 — 2yi+1 +4y=0.
Solution. Lct the solution to the given equation be y, = mt .
Then the auxiliary cquation will be

21:\/(4;—16) =2i§\/§i=libﬁ-.

/;12-—21)1+4=() or m=
I 1 + V3 = r(cos 8 i sin 8) ,then
r=+V(1+3)=2,and8=tan” ' V3 =n/3,

C.F.= A cos (KB+B)=A.2"cos(K§+B].

..(2.41)

EXAMINATION PROBLEMS

Solve the following equations :

1. Va2 + Ty¥ks1+12y¢=0.
Yir2+4Yks1+4yk=0.

3. .Vk+3+2}'k+2—}’k+1_2,Vk=0-

4, yk+2+9,Vk=0»

5. Yke2- 2Vke1+4yk=0.

6. (A°-3A+2)y=0.

[Ans. yc=c1 (- 3+ (- )]
[Ans. yk = (1 + GK) (- 2)/]
[Ans. ¢ + G2 (~ 4o 2/

kn . kr
[Ans. ak(c‘ cos ~§-+ Co sm—2— ]

[Ans.2k(c1 cos%+ozsin—?—]]

[Ans. y= (2 + (3
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k
T Vke2= Yien -—yk=0,givenyo=Oandy1=1. [Ans N {[1;‘/‘J (1—-'2\/-5} H
8. Yki2-yk=0,givenby yp=1and y, = (1 +vV3)/2 [Ans. yk=cos%k+sin—k33}
[ 2.34 TO FIND THE PARTICULAR INTEGRAL (P.1) ]

Having found out the general solution of the homogeneous equation, we proceed to find out the complete
solution of the cquation

Yesnt @i Yesn-1+ .o+ a,_y y, ) +ay, =fik) -(2.42)
or (E'+a,E’"'+...+a,,E°)yk=R(k),where E'yk=y*+,,,E"_lyk=yk+,,_,,etc.
or IE) ye=RK), where f(E)=E'+a E''+.. +a, E
" p1=RE

fE)
Casel. When R(k)=d", P1L=d"/fE) .

By the method of undetermined coefficients, suppose y, = A a*is the particular integral where A is a constant to
be determined.

Now : E'y=Ad*"=Add" fE) y,=Ad fla).
Since v, = A o is a solution of (2. 42) by substitution,
Ad'f(a)=a"=0rA= 17f (a)
k
kK da

Thus, PlL=Ad"=—"
f(a)
ak

k
=}6=J%,providcdf(a)¢0.

3
RULE. To find the particular integral of ?—‘(35 » replace E by a, provided f(a) # 0 .

Failure Case. If f{lu) = 0, then

PlL= = kgt ™!

(E a)
d__kk=1) 4,
P4
(E-a 2!
lilustrative Example
Example9. Find the particular integral of
() 2yi42=5y14) + 4y, =35 (i) Yir3=3ypep+ 4y =25
Solution. (i) The given equation can be written as (2E° - 5E + 4 y=
k k k
Pl = 3 3 = 3. (replacing E by 3).
2 - 5E+4 2(3 E§)+4 ?
(if) The given equation can be written as (E =3E"+4)y, =

2 ok 2" 2k
E3—3E7+4—(E+1)(E2—4E+4)—(E+l)(E-2)2~(2+l)(E-2)2
2 ktk—=1) 4 _
= 2:'( )(2‘ 2.
E-2)
Casell. When R(k)—sm ak or cos ak.

Supposc the particular intcgral in each case be of the form Y=Acos ak+ B sin ak, where A and B are
constants to be determined.

and Pl = and so on.

Pl=
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Substituting the value of y,in the given equation and then equating the coefficients of sin ak and cos ak on
both sides of the cquation separately, we get two equations in A and B. Thus, A and B can be easily determined.
Special Note. In casc this value of y, fails to give A and B, then suppose y; = k [A cos ak + B sin ak]
lllustrative Example
Example 10. Find the particular integral in the equation yy .+ yx = sinkn/2 -
Solution. Suppose the particular integral be of the form

kr . kn
yk—-k[A cos ) + B sin 2 ]

since y, = A cos I%t + B sin k—; fails to give any result. Now substituting the values of yx +2 and yi in the given

cquation we get,

A(k+2)cos(k+2)'12£+B(k+2)sin(k+2)%+Akcosk—2n-+Bksin%E:sin%t-
or —A(k+2)cosk£—B(k+2)sink—n+Akcos-k£+Bksink—TE=sinM-
2 2 2 2 2
kn . km . km
or —2Acos—2——2Bsm7=sm?-
On comparing the coefficients, we getA=0 and B=-— % -
k . kn
P.I.-—2sm 5
Case II1. When R(k) = k" .
kn kll ion )
Pl=——=——7=[f(+A K' . (sinceE=1+A
R AL )

Since A" k" =m(m-1)(m—-2)...(m—-n+1) K=" where k™ is the factorial notation, this formula
can be used after expressing k" in terms of factorial notations.

RULE. (i) ExpressK’inthe factorial notation.
(i) Expand[f(1+A)] ! by binomial theorem up to the term containing A" .

Example 11. Solve : yi, 2+ 2ye+1 + = 3K .

Solution. The r.h.s. can be expressed as 3P =3k (k—-1)+3k= 3k? 4 3k The given equation is
(B2 +2E+1)y,=3K.

The A.E. is mi+2m+1=0, whichgives m=—1,-1.CFE.=(c;+ck) (- k.

2 2 -2
pr=—K 3K 301,20 @4 (- E=1+4)
(E+1 [2+AF 4 2
30 A3 @ 3 @ k143
=2 1 A+4A +... |[K7+k ]-4 kY +k—2k |+4(2)
<1 RPN B T ROVE- B
=5 k=1 k+2]-8[2k dk+1].

The complcete solution is
yi= (¢} +cak) (- 1)"+% QK -4k +1).

CaselV. LetR(k) = K (product of d* and k).

kyn
pr=dk _p 1

f(E) f(aE)

Now procecd as in Case 111

(k") - (replace E by aE)
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Example 12. Find the particular integral of
Yer3 = SYeaa+8yey ~dy=2" K
Solution. The cquation can be written as
(E'~5E +8E—4)y,=2* &*.

2k 2 2k K2
(B -SE*+8E-4) (E-1)(E-2)
) I
=2t , replacing Eby 2E.
(215—1)(215-2)2 placing = by
2 2
gk K T k
[2(1 + A) - 1] [4A7)] 4A% (1 +24)
2 k 2

ol(l+2A)"1{k‘2’+k1 S5 (=28 448 P 44

=z [k‘2>+k—4k-2+8]=2"‘2-I—;—z-[k<2’—3k+6]

—k-2, [ K@ k(3) K 3k(2)] since[ﬂ _ PICRa) ]

12 2 A n+1
k-2

5 [k (k- I)(k—2)(k—3)—6f<(k—1)(k—2)+36k(k—])]

= [k* - 12* + 65k* — 54k] .

Rule. For evaluating the particular integral of the product a"sin bk or & cos bk , assume the form of
particular integral as

¥k = a"[A cos bk + B sin bk)

and then proceed as in Casc 11

Example 13. Solve : y; .y =3y = 2* cos 525

Sc ation. The cquation can be written as (E - 3) y, = 2t cos (kn/2)
The A.E.is (im — 3) =0, which gives m=3. .= CF.=¢, 3*.

Lcllhcparuoulannlcg,ralbevk—2 Acos%+8sn%‘]
Substituting y; in the given equation, we have
Kt A cos ke N E+Bsink+ DT |- L kmoy kn
2 [AL()&(L+I)2+Bs|n(A+l)2:I 3.2[AC032+BSI 5 2cos2
kn kn ko km)_ km
or 2( A sin > + Bcos - ) 3(Acos 2 + b sin 2) cos ==,
or (-2A-3B) sin%—+(28-3A)cosk—2n~=cos~2§~
~24A-3B=0,and2B-3A=1.
3 2
A=-13iBET

The solution is,

Ye=C) (3)k+2kl: %c 5M+%sinﬁjl
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EXAMINATION PROBLEMS
Solve the following difference equations :

1. Yeez-3yis1—4y=3".

i 3.k, Ak
2. Upso—Tups s+ 10u= 128% + 4% Hint. Pt =12E) +4 " oiace Eby & and 4]
’ E-7E+10
i k k k-1
K : 22 R
3. Yk+1—-4¥k=2 Hint. P'I'_Ea_4-(E+2)(E—2)— 2 ]
[ k
. 2 k(k-1 -2
4. Uk+2"4uk+1+4uk=2k. i Hint. P.|.=—E-_—23§=——(—2—!-‘l~2k ]
5. 8yk+2—6yk+‘+yk=55in(m/2.
6. Ykr2—2¥kse1+Yk=5+3k.
7. Yoo 4¥es+4yi=3k+ 25
8. Yis2-2Wi1+ =2 K.

Answers

k x 3

yk=C(=1) +c(4) 7

Ug = Cy 5+ [ (2)“+ 221412 ea"/(es +76%+10).
yi=ci2¥+ (-2 + k242,

Yk =(Cy + C2K) 2+ k(k-1) ok-2,

—_

>N

k k :
1 1 1 kn . kn
5. yk—c1[2]+c2[4)+17(60052—7sm2]
6. yk=c1+czk+lf+%k3.7.yk=(c1+ozk)2"+6+3k+1/81(2.2k
8. yk=c1+czk+2k(l(°'—8k+20).

e N



| uniT 2]

LINEAR PROGRAMMING
AND
ITS APPLICATIONS

CONTAINING :

Chapter 3. LINEAR PROGRAMMING PROBLEM
- (Formulation and Graphical Method)

Chapter 4. CONVEX SETS & ANALYTICAL METHOD
Chapter 5. LINEAR PROGRAMMING : SIMPLEX METHOD
Chapter 6. REVISED SIMPLEX METHOD

I - Revised Simplex Method in Standard Form -

Il - Revised Simplex Method in Standard Form - II
Chapter 7. DUALITY IN LINEAR PROGRAMMING
Chapter 8. THE DUAL SIMPLEX METHOD
Chapter 9. SENSITIVITY ANALYSIS
Chapter 10. INTEGER LINEAR PROGRAMMING

I - Gomory’s Cutting Plane Method

II - Banch-and-Bound Method
Chapter 11. TRANSPORTATION PROBLEMS
Chapter 12. ASSIGNMENT PROBLEMS
Chapter 13. MULTI-CRITERIA DECISION PROBLEMS

(Goal Programming)







l

LINEAR PROGRAMMING PROBLEM
(FORMULATION AND GRAPHICAL METHOD)

3.1. INTRODUCTION I

In 1947, George Dantzig and his Associates, while working in the U.S. department of Air Force, observed that
a large number of military programming and planning problems could be formulated as
maximizing/minimizing a linear form of profit/cost function whose variables were restricted to values
satisfying a system of linear constraints (a set of linear equations/or inequalities). A linear form is meant a
mathematical expression of the type ayx; +ay + ... +a,x,, where a,,a,...,a, are constants, and
X .X2, ..., x, are variables. The term ‘Programming’ refers to the process of determining a particular
programme or plan of action. So Linear Programming (L.P.) is one of the most important optimization
(maximization/minimization) techniques developed in the field of Operations Research (O.R.).

The methods applied for solving a linear programming problem are basically simple problems, a solution can
be obtained by a sct of simultaneous equations. However, a unigue solution for a set of simultaneous equations in
n-variables (x| , x,, ... , x,), at least one of them is non-zero, can be obtained if there are exactly n relations. When
the number of relations is greater than or less than n, a unique solution does not exist, but a number of trial solutions
can be [ound. In various practical situations, the problems are seen in which the number of relations is not equal to
the number of variables and many of the relations are in the form of inequalities (< or 2) to maximize (or minimize)
a linear function of the variables subject to such conditions. Such problems are known as Linear Programming
Problems (LPP).

In this chapter, properties of LP problems are discussed and at present the graphical method of solving a
LPP is applicable where two (or at most three) variables are involved. The most widely used method for
solving LP problems of any number of variables is called the simplex method developed by G. Dantzig in 1947
and made generally available in 1951,

Definition. The general LPP calls for optimizing (maximizing/minimizing) a linear function of variables
called the ‘OBJECTIVE FUNCTION’ subject to a set of linear equations and / or inequalities called the ‘CONSTRAINTS’
or *RESTRICTIONS’.

3.2. FORMULATION OF LP PROBLEMS l

Now it becomes necessary to present a few interesting examples to explain the real-life situations where LP
problems may arise. The outlines of formulation of the LP problems are explained with the help of these
cxamples.

Model Examples on Formulation

Example 1. (Production Allocation Problem) A firm manufactures two type of products A and B and sells
them at a profit of Rs. 2 on type A and Rs. 3 on type B. Each product is processed on two machines G and H. Type A
requires one minute of processing time on G and two minutes on H ; type B requires one minute on G and one
minute on H. The machine G is available for not more than 6 hour 40 minutes while machine H is available for 10
hours during any working day.

Formulate the problem as a linear programming problem. [Kanpur 96]

Formulation. Letx) be the number of products of type A and x; the number of products of type B.

Alter carefully understanding the problem the given information can be systematically arranged in the form of
the following table.
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Table 3.1

Machine Time of Products (minutes) Available Time (minutes)
Type A (x units) Type B (x2 units)
G 1 ! 400
H 2 i 600
Profit per unit Rs.2 Rs.3

Since the profit on type A is Rs. 2 per product, 2x; will be the profit on selling x, units of type A. Similarly, 3x,
will be the profit on selling x, units of type B. Therefore, total profit on selling x; units of A and x, units of Bis given by
P=2x; +3x, (objective function)
- Since machine G takes 1 minute time on type A and 1 minute time on type B, the total number of minutes
required on machine G is given by : x; +x; .
Similarly, the total number of minutes required on machine H is given by 2x; + x; .
But, machine G is not available for more than 6 hour 40 minutes (= 400 minutes). Therefore,
Xy + x5 <400 (first constraint)
Also, the machine H is available for 10 hours only, therefore,
2x; + x, <600 (second constraint)*
Since it is not possible to produce negative quantities,
x;20andx, 20 (ron-negativity restrictions)
Hence the allocation problem of the firm can be finally put in the form :

Find x, and x, such that the profit P = 2x, + 3x, is
maximum,

subject to the conditions :
x|+x2S400, Zx|+x2S600,

x|20, X2 2 0.

Example 2. A company produces two types of Hats. Each hat of the first type requires twice as much
labour time as the second type. If all hats are of the second type only, the company can produce a total of 500
hats a day. The market limits daily sales of the first and second type to 150 and 250 hats. Assuming that the
profits per hat are Rs. 8 for type A and Rs. 5 for type B, formulate the problem as a linear programming model
in order to determine the humber of hats to be produced of each type so as to maximize the profit.

Formulation. Let the company produce x; hats of type A and x, hats of type B each day. So the profit p
after selling these two products is given by the linear function :

P =8x, + 5x, (objective function)

Since the company can produce at the most 500 hats in a day and A type of hats require twice as much time
as that of type B, production restriction is given by 2tx; + tx, < 500 , where ¢ is the labour time per unit of
second type, i.e.

2x; +x, £500.
But, there are limitations on the sale of hats, therefore further restrictions are :
X < ]50, X2 <250.
Also, since the company cannot produce negative quantities,
x 20 and x,20.
Hence the problem can be finally put in the form :

Find x; and x, such that the profit P = 8, + 5x, is maximum,
subject to the restrictions :
2x; + x3 € 500,x; <150, x < 250, x;20, x; 2 0.

*Here the constraint 2x, + x, = 600 is not justified because using machine H for less than 10 hrs (if possible) will be more
profitable.
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Example 3. The manufacturer of patent medicines is proposed to prepare a production plan for
medicines A and B. There are sufficient ingredient available to make 20,000 bottles of medicine A and 40,000
botiles of medicine B, but there are only 45,000 bottles into which either of the medicines can be filled.
Further, it takes three hours to prepare enough material to fill 1000 bottles of medicine A and one hour to
prepare enough material to fill 1000 bottles of medicine B, and there are 66 hours available for this operation.
The profit is Rs. 8 per bottle for medicine A and Rs. 7 per bottle for medicine B.

() Formulate this problemas a L.P.P.
(i) How the manufacturer schedule his production in order to maximize profit.

Formulation. (i) Suppose the manufacturer produces x; and x, thousand of bottles of medicines A and B,
respectively. Since it takes three hours to prepare 1000 bottles of medicine A, the time required to fill x,
thousand bottles of medicine A will be 3x, hours. Similarly, the time required to prepare x, thousand bottles of
medicine B will be x; hours. Therefore, total time required to prepare x; thousand bottles of medicine A and X;
thousand bottles of medicine B will be 3x; + x; hours. '

Now since the total time available for this operation is 66 hours, 3x; + x, < 66 .

Since there are only 45 thousand bottles available for filling medicines A and B, x, +x, <45 .

There are sufficient ingredients available to make 20 thousand bottles of medicine A and 40 thousand
bottles of medicine B, hence x; £20 and x, <40.

Number of bottles being non-negative, x; 20, x, 20.

At the rate of Rs. 8 per bottle for type A medicine and Rs. 7 per bottle for type B medicine, the total profit
on x| thousand bottles of medicine A and x; thousand bottles of medicine B will become

P =8 x 1000 x; + 7 x 1000 x, or P = 8000 x; + 7000 x, .

Thus, the linear programming problem is :
Max. P = 8000 x; + 7000 x, , subject to the constraints :
3x; + x2 S 66,x; + x3 S45x,<20,x;5 40

and x120,x,20.

(i1) Sce Example 28 (page 79) for its solution by graphical method.

Example 4. A toy company manufactures two types of doll, a basic version—doll A and a delux
version—doll B. Each doll of type B takes twice as long to produce as one of type A, and the company would
have time to make a maximum of 2000 per day. The supply of plastic is sufficient to produce 1500 dolls per day
(both A and B combined). The deluxe version requires a fancy dress of which there are only 600 per day
available. If the company makes a profit of Rs. 3.00 and Rs. 5.00 per doll, respectively on doll A and B, then
how many of each doll should be produced per day in order to maximize the total profit. Formulate this
problem. [Kanpur B.Sc. 90; Meerut 90]

Formulation. Let x| and x; be the number of dolls produced per day of type A and B, respectively. Let the
doll A require 1 hrs so that the doll B require 2t hrs. So the total time to manufacture x; and x, dolls should not
exceed 2,000r hrs. Therefore, tx; + 2tx; < 20007 . Other constraints are simple. Then the linear programming

problem becomes :

Maximize P=3x,+5x,
subject to the restrictions
x; + 2x; < 2000 (time constraint)
x; + x; < 1500 (plastic constraint)
x; < 600 (dressconstraint)
and non—negativity restrictions
Xy 20 s X2 20.

Note : Scc Example 26 (page 76) for its solution by graphical method.

IN AN IA
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Example 5. In a chemical industry, two products A and B are made involving two operations. The
production of B also results in a by-product C. The product A can be sold at Rs. 3 profit per unit and B at Rs. 8
profit per unit. The by-product C has a profit of Rs. 2 per unit, but it cannot be sold as the destruction cost is Re.
1 per unit. Forecasts show that up to 5 units of C can be sold. The company gets 3 units of C for each unit of A
and B produced. Forecasts show that they can sell all the units of A and B produced. The manufacturing times
are 3 hours per unit for A on operation one and two respectively and 4 hours and 5 hours per unit for B on
operation one and two respectively. Because the product C results from producing B, no time is used in
producing C. The available times are 18 and 21 hours of operation one and two respectively. The company
question : how much A and B should be produced keeping C in mind to make the highest profit. Formulate LP
model for this problem.

Formulation. Let x; , x5 , x3 be the number of units produced of product A , B , C respectively. Then the
profit gained by the industry is given by P = 3x; + 8x; + 2x3.

Here it is assumed that all the units of product A and B are sold.

In first operation, A takes 3 hours of manufacturer’s time and B takes 4 hours of manufacturer’s time,
theretore total number of hours required in first operation becomes 3x; +4x; .

In second operation, A takes 3 hours of manufacturer’s time and B takes 5 hours of manufacturer’s time,
therefore the total number of hours used in second operation becomes 3x; + 5x; .

Since there arc 18 hours available in first operation and 21 hours in second operation, the restrictions
become : 3x; +4x, £ 18, 3x; +5x, <21

Also, the company gets 3 units of by-product C for each unit of B produced, therefore the total number of
units of product B and C produced becomes : x; + 3x3.

But, the maximum number of units of C can be sold is 5, therefore x, +3x3< 5.
Thus the allocation problem of the industry can be finally put in the form :

Find the value of x, , x5 , X3 so as to maximize
P = 3x, + 8x, + 2xysubject to the restrictions :

3X| + 4xy <18
Ix; + 5x; <21
x2 + 3x3 <5,

with non-negativity conditions : x;20,x,20,x;2>0.

Example 6. A firm can produce three types of cloth, say : A, B, and C. Three kinds of wool are required for it,
say : red, green and blue wool. One unit length of type A cloth needs 2 meters of red wool and 3 meters of blue wool
; one unit length of type B cloth needs 3 meters of red wool, 2 meters of green wool and 2 meters of blue wool ; and
one unitof type C cloth needs S meters of green wool and 4 meters of blue wool. The firm has only a stock of 8 meters
of red wool, 10 meters of green wool and 15 meters of blue wool. It is assumed that the income obtained from one
unit length of type A cloth is Rs. 3.00, of type B cloth is Rs. 5.00, and of type C cloth is Rs. 4.00.

Deterniine, how the firm should use the available material so as to maximize the income from the finished
cloth.

Formulation. It is often convenient to construct the Table 3.2 after understanding the problem carefully.

Table 3.2
Quality of wool Type of Cloth Total quantity of wool
A ) B (x) Cxy) aailable
(inmeters)

Red 2 3 0 8

Green 0 2 5 10

Blue 3 2 4 15

Income per unit length of Rs. 3.00 Rs.5.00 Rs.4.00
cloth
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Letx; , x; and x; be the quantity (in meters) produced of cloth type A , B, C respectively. Since 2 meters
of red wool are required for each meter of cloth A and x; meters of this type of cloth are produced, so 2x; meters
of red wool will be required for cloth A.

Similarly, cloth B requires 3x, meters of red wool and cloth C does not require red wool. Thus, total
quantity of red wool becomes :

2x; + 3x; + Ox3 (red wool)
Following similar arguments for green and blue wool,
0Ox; + 2x; + 5x3 (green wool)
3x; + 2x, + 4x3 (blue wool)

Since not more than 8 meters of red, 10 meters of green and 15 meters of blue wool are available, the

variables x| , x5 , x3 must satisfy the following restrictions :

Zx, + 3X2 < 8
2%, + 5%, < 10 (3.1
3X| + ZXZ + 4X3 < 15.

Also, negative quantities cannot be produced. Hence x;,x;,x; must satisfy the non-negativity
restrictions

X ZO,XZ 20,X320. .(32)
The total income from the finished cloth is given by
P= 3X| + SXZ + 4X3 . .(3.3)

Thus the problem now becomes to find x,, x;, x3 satisfying the restrictions (3-1) and (3-2) and
maximizing the profit function p.

Note. This linear programming problem has been solved by simplex method as Example S (page 125).

Example 7. A firm manufactures 3 products A, B and C. The

profits are Rs. 3, Rs. 2 and Rs. 4 respectively. The firm has 2 Product

machines and below is the required processing time in minutes for A L <

each machine on each product. Machine © 4 3 5
Machire G and H have 2,000 and 2,500 machine-minutes, H 2 2

respectively. The firm must manufacture 100 A’s, 200 B’s and 50
C’s, but no more than 150A’’s.

Setup an L.P. problem to maximize profit. Do not solve it.

Formulation. Letx; , x2, x3 be the number of products A , B and C, respectively.

Since the prolits arc Rs. 3, Rs. 2 and Rs. 4 respectively, the total profit gained by the firm after selling these
three products is given by P = 3x) + 2x; + 4x3..

Now the total number of minutes required in producing these three products at machine G and H are given
by

4x; +3x;+5x3, and 2x; + 2x; + 4x3, respectively.

But, there are only 2,000 minutes available at machine G and 2,500 minutes at machine H , therefore the

restrictions will be
4X| + 3XZ + 5X3 <2,000 and Zx, + sz + 4X3 < 2,500.

Also, since the firm manufactures 100 A’s , 200 B’s and 50 C’s but not more than 150 A’s, therefore

turther restrictions become :
100 € x) £ 150,200 < x, 2 0andS0 < x3 2 0.
Hence the allocation problem of the firm can be finally put in the form :
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Find the value of x| , x, , x3 S0 as to maximize
P = 3x; + 2x; + 4x,
subject to the constraints :
4x; + 3x3 + 5x3 < 2,008
2y + 2xp + 4x3 < 2,500
100 <xy <150,200<x; 20,50 <x320.

Example 8. A farmer has 100 acre farm. He can sell all tomatoes, lettuce, or radishes he can raise. The
price he can obtain is Re. 1.00 per kg for tomatoes, Rs. 0-15 a head for lettuce and Rs. 2-00 per kg for radishes.
The average yield per-acre is 2,000 kg of tomatoes, 3000 heads of lettuce, and 1000 kgs of radishes. Fertilizer
is available at Rs. 0-50 per kg and the amount required per acre is 100 kgs each for tomatoes and lettuce, and
50 kgs for radishes. Labour required for sowing, cultivating and harvesting per acre is 5 man-days for
tomatoes and radishes, and 6 man-days for lettuce. A total of 400 man-days of labour are available at Rs.
20-00 per man-day.

Formulate this problem as a linear programming model to maximize the farmer’s total profit.

[Kanpur (B.Sc.) 93, 92]

Formulation. Farmer’s problem is to decide how much area should be alloted.to each type of crop he
wants to grow to maximize his total profit. Let the farmer decide to allot x; , x, and x3 acre of his land to grow
tomatoes, lettucc and radishes respectively. So the farmer will produce 2000x; kgs of tomatoes, 3000 x, heads
of lettuce, and 1000 x; kgs of radishes.

. Therefore, total sale will be = Rs. [2000 x; + 0-75 x 3000 x, + 2 X 1000 x3]

Fertilizer expenditure will be= Rs. [0-50 {100 (x; +x3) + 50x3}]

Labour expenditure willbe = Rs. [20 X (Sx; + 6x; + 5x3)]

Therefore, farmer’s net profit will be

P = Total sale (in Rs.) — Total expenditure (in Rs.)

or P={2000x, +0-75 x 3000 x; + 2 X 1000 x3]- 0-50 x [100 (x; + x;) + 50 x3] — 20 % [5x, + 6x2 + 5x3)

or P=1850x + 2080 x,+ 1875 x;.

Since total arca of the farm is restricted to 100 acre, x| + x; +x3 < 100 .

Also, the total man-days labour is restricted to 400 man-days, therefore, 5x; + 6x; + Sx3 <400 .

Hence the farmer’s allocation problem can be finally puf inthe form :

Find the value of x; , x, , X350 as to maximize :
P =1850 x; + 2080 x, + 1875 x3,
subject to the conditions :
xy +x2 +x3< 100,
Sxy +6xy + S5x3<400,
and X],X2,x320.
Example 9. A manufacturer produces three models (1, 11 and 111) of a certain product. He uses two types

of raw material (A and B) of which 4000 and 6000 units repectively are available. The raw material
requirements per unit of the three models are given below :

Raw Muterial Requirement per unit of given model

!

1

mn

A
B

2
4

3
2

S
7

The labour time for each unit of model I is twice that of model Il and three times that of model I11. The
entire labour force of the factory can produce the equivalent of 2500 units of model 1. A market survey
indicates that the minimum demand of the three models are 500, 500 and 375 units respectively. However, the
ratios of the number of units produced must be equal to 3 : 2 : 5. Assume that the profit per unit of models I, 11
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and Il are rupees 60, 40 and 100 respectively. Formulate the problem as a linear programming model in
order to determine the number of units of each product which will maximize profit. [UNTU (B.Tech) 98]
Formulation. Lct the manufacturer produce xy, x3, x3 units of model I, I and III, respectively. Then, the
raw matcrial constraints will be
2x) + 3x; + 5x3 < 4,000 (for A)
4x; + 2x; + 7x3 < 6,000 (for B)
Suppose it takes labour time ¢ for producing one unit of model I, so by the given condition it will take
1/2 and 1/3 labour time for producing one unit of model II and III, respectively.
As the factory can produce 2500 units of model L, so the restriction on the production time will be
1+ (172)x3 + (1/3)x3, < 25004, i.e.,
, Xy +1/2x+ 173 X3, £2500.
Also, since at least 500 units of model type I and II each and 375 units of mode} III are demanded, the
constraints of market demand needs,
x; 2500, x, 2500, and x;2375
But, the ratio of the number of units of different types of models is 3 : 2 : 5, we have
173x,=1/2x and 1/2x,= 175 x3.
Since the profit per unit on model 1, 11 and III are Rs. 60, Rs. 40 and Rs. 100 respectively, the objective
function is to maximize the profit : p = 60x; + 40x; + 100x;.

Thus, the linear programming problem s :
To maximize : P = 60x, + 40x, + 100x; ,
subject to the constraints :

le + 3x2 + 5x3 < 4,000

4x; + 2x; + Tx3 < 6,000
x|+-!xz+lx332,500
2 3
1

_1 . |
x,—-ixz,gxz—gx;;

and x; 2500, x;, > 500, x; > 375.

Example 10. (Diet Problem.) One of the interesting problems in linear programming is that of
balanced diet. Dieticians tell us that a balanced diet must contain quantities of nutrients such as calories,
minerals, vitamins, etc. Suppose that we are asked to find out the food that should be recommended froma
large number of alternative sources of these nutrients so that the total cost of food satisfying mininmum
requirements of balanced diet is the lowest.

The medical experts and dieticians tell us thar it is necessary for an adult to consume at least 75 g of
proteins, 85 g of fats, and 300 g of carbohydrates daily. The following table gives the food items (which are
readily available in the market), analysis, and their respective costs.

[ Food type Food value (gms.) per 100, Cost per kg. (Rs.)
Proteins Fats Carbohydrates
| 80 1.5 35.0 1.00
2 18.0 15.0 — 3.00
3 16.0 4.0 7.0 4.00
4 4.0 20.0 2.5 2.00
N 5.0 8.0 40.0 1.50
6 2.5 — 25.0 3.00
Minimum daily requirements 75 85 300

Formulation. Let x;. x;.x3, x4, x5 and x; units of food types respectively be used per day in a diet and
the total dict must at Icast supply the minimum requirements. The object is to minimize total cost € of diet. The
objective function thus becomes



10 / OPERATIONS RESEARCH

Z=x;+ 3.X2 +4X3 + ZX4+ 1-5 X5+ 3x(,.

Since 8, 18, 16,4, 5 and 2.5 gms of proteins are available from 100 gm unit of each type of food
respectively, total proteins available from x;, x, X3, X4, X5 and xg units of each food respectively will be
8x, + 18x; + 16x3 + 4x4 + Sx5 + 2.5x¢ gms. daily.

But minimum daily requirement of proteins as prescribed is 75 gms. Hence, the protein requirement
constraint is

8x; + 18x; + 16x3 + 4x4 + 5x5 + 2:5x¢ 2 75 (Protein)
Similarly, fats and carbohydrates requirement constraints are obtained respectively as given below :
1.5x; + 15x; + 4x3 + 20x4 + 8xs + Oxg 2 85 (Fats)
35x; + Ox, + Tx3 + 2.5x4 + 40x5 + 25x6 2 300 (Carbohydrates)
Further, x|, X3, X3 X4, X5, Xg are all non-negative quantities, i.e.
Xt ZO,XzZO,X:;ZO,X4ZO,X5.>_O,X6ZO.

Generalization. A generalization of this problem is as follows :

Let a;; be the number of units of nutrient i in one unit of food j, x; be the units of food j used per day,
and b; be the requirement of the ith nutrient. Thus, the objective function becomes :

Minimize Z = ¢, x| + €2 X + ... ¢, X, subject to the nutrient requirements :
ayx)tapx +...ta,x, 2 bl
aixy +axx; +... +ayX, 2 b2

Ay X + A Xa+ oo + Ay Xy 2 by

X1 X5 X3y ey Xpy 2 0,
where n defines the number of food items, m the different nutrients, and c; the cost per unit of food
jG=1,2,.,n).

It should be noted that dict problem as formulated above does not provide variation in the diet. The same
combination must be taken every day (to keep ones health good). It is assumed that the diet suggested is
palatable (let us hope so). The constraints place the bound on the minimum size of the food value and it may
turnout that a person may be taking too much of carbohydrate while trying to keep the protein requirements
(too bad for fattys). Hence an upper bound would also be desirable if the intake beyond limit is bad for health.

Example 11. A manufacturer of biscuits is considering four types of gift packs containing three types of
biscuifs : orange cream (OC), chocolate creagz (CC), and wafers (W). Market research conducted recently to
assess the preferences of the consumers shows the following types of assortments to be in good demand :

Assortments Contents Selling price perkg. (Rs.)

A Not less than 40% of OC, not more than 20% of CC, any quantity of W 20
B Not less than 20% of OC, not more than 40% of CC, any quantity of W 25
C Not less than 50% of OC, not more than 10% of CC, any quantity of W 22
D No restrictions 12

For the biscuits, the manufacturing capacity and costs are given below :

Biscuits variety : ocC cC w

Plant capacity (kg/day) ;200 200 150

Manufacturing cost (Rs./kg) : 8 9 7

Formulate a linear programming model to find the production schedule which maximizes the profit
assuming that there are no market restrictions.

Formulation. Let the decision variablesx; (i=A, B, C, D;j=1,2,3)be defined as follows :

(i) Forthe gift pack A, x4, , X42, X43 denote the quantity inkg. of OC, CC, and W type of biscuits;
(ii) For the gift pack B, xg, xg;, X3 denote the quantity inkg. of OC, CC, and Wtype of biscuits;
(iii) For the gift pack C, x¢y, Xc2 . Xc3 denote the quantity inkg. of OC, CC, and W type of biscuits;
(iv) For the gift pack D, xp, , Xp; , Xp3 denote the quantity in kg. of OC, CC, and Wtype of biscuits;
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Now the given data can be put in the form of linear programming problem as follows :
Maximize, P =20 (xq1 + x4, +x43) +25 (xg; + Xgy + xg3) + 22 (x¢ +Xxcp+xc3) + 12 (xp; + Xm +Xp3)
= 8 (Xa1 +xg1 +Xxc1 +xp1) = 9 (tpz + Xpp + X + Xpp) = T (Xp3 + Xg3 + X3 + Xp3)
=12 XAl +1 leZ + l3xA3 + ]71'3] + 16.XB2 + 18XB3 + 14XC1 + ]3Xa + 15xc3 +4XD1 + 3XD2 + 5xD3;
subject to the constraints :

Gift pack A XAl 2040 (xM +x4+ x_43), XA2 <0.20 (xM +X4o+ XA3)
Gift pack B xg1 2 0.20 (xg) + xp; + xp3), X5 < 0.40 (xp) + Xxg, + Xp3)
Gift pack C Xxcp 20.50 (xc) + X2+ x03), X2 < 0.10 (xc1 +xc0 + Xc3)

Plant capacity constraints are :

Xp1 +xg) + X0y + xp; < 200,XA2 +xpp+ X3+ xS ZOO,XA:; +Xxg3t+t Xy +xp3 < 150
x;j20(fori=A,B,C,D andj=1,2,3).

Example 12. A complete unit of a certain product consists of four units of component A and three units of
component B. Two components (A and B) are manufactured from two different raw materials of which 100 units
and 200 units, respectively, are available. Three departments are engaged in the production process with each
department using a different method for manufacturing the components. The following table gives the raw material
requirements per production run and the resulting units of each component. The objective is to determine the

number of production runs for each department which will maximize the total number of component units of the
final product.

Department Input per run (units) Qut put per run (units)
Raw material Raw material Component Component
1 i A B
| 7 5 6 4
2 4 8 5 8
3 2 7 7 3

Formulation. Letx;, x;, x3 be the number of production runs for the departments 1,2,3 respectively.
The total number of units produced by three departments :
6x + 5x; + 7x3 (component A), 4x; + 8x; + 3x3 (component B)
The restrictions on the raw materials I and II are, respectively, given by
7x| +4X2+2X.'3 <100 and SX] +8.X'2 +7X3S200.

Since the objectiv' function is to maximize the total number of units of the final product and each such
unit requires 4 units of component A and 3 units of component B, the maximum number of units of the final
product cannot exceed the smaller value of

:]" (6x1 + 5X2 + 7X3) and % (411 + 83‘2 + 3X3).

The objective function thus becomes :

Maximize z=min [5 (6x +5x; + 7x;) +3 (4x) + 8x; + 3x3)]

Since this abjective function is not linear, a suitable transformation can bé used to reduce the above model
to an acceptable linear programming format.

Suppose, min. [5 (6x) + 5x, + Txy), 3 (4x; +8x, +3x;)) = v.

GO +50+Tx) 2y and 1 (4x, +8x+3xp) 2 v.

In fact, at least one of these two inequalities must hold as an equation in any solution because the number
of final assembly units, v, is maximized. Then, its upper limit is specified by the smaller of the left hand sides
of above two inequalities. This indicates that the two inequalities are equivalent to the original equation
defining v.

Now the above problem can be put into the following linear programming form : maximize z = v, subject
to the constraints :

Therefore,

6x; +5x+ Tx3 —4v 20, 4x;+8x,+ 35, - 3v 20,
7X|+4X2+ZX3S100, 5x|+8x2+7x35200, and X|,X2,X3,V20.
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Example 13. A leading C.A. is attempting to determine a ‘best’ investment portfolio and is considering six
alternative investment proposals. The following table indicates point estimates for the price per share, the
annual growth rate in the price per share, the annual dividend per share and a measure of the risk associated

with each investment.

Portfolio Data
Shares under consideration : A B C D E F J
Current price per share (Rs.) 80 100 160 120 150 200
Projected annual growth rate 0-08 0-07 010 012 0-09 015
Projected annual dividend per share (Rs.) 400 4.50 7-50 5-50 575 0-00
Projected risk in return 0-05 0-03 0-10 020 006 0-08

The total amount available for investment is Rs. 25 lakhs and the following conditions are required to be

satisfied.
(i) The maximum rupee amount to be invested in alternative F is Rs. 2,50,000.
(ii) No more than Rs. 5,00,000 should be invested in alternatives A and B combined.
(iii) Total weighted risk should not be greater than 0-10, where
(Amount invested in alternative j) (Risk of alternative j)
Total amount invested in all the alternatives
(iv) For the sake of diversity, at least 100 shares of each stock should be purchased.
(v) At least 10 per cent of the total investment should be in alternatives A and B combined.
(vi) Dividends for the year should be at least 10,000.

Total weighted risk =

Rupees return per share of stock is defined as price per share one year hence less current price per share
PLUS dividend per share. If the objective is to maximize total rupee return, formulate the linear programming
model for determining the optimal number of shares to be purchased in each of the shares under
consideration. You may assume that the time horizon for the investment is one year. The formulated LP
problem is not required to be solved. {C.A. (Final) Nov. 91]

Formulation. Let x,, x,, X3, X4, X5 and xg represent the number of shares to be purchased in each of the six

investment proposals A, B, C,D,EandF.

Rupee return per share= Price per share one year hence — current price per share - dividend per share)

= Current price per share X Projected annual growth rate’2

(i.e. Project growth each y car)+ dividend per share

Thus, we compute the following data:

Investiment Alternatives : A B C D E F ‘
No. of shares purchascd : Xy X3 x3 X4 X5 X6 !
Projccted growth for cach share (Rs.) : 6-40 7-00 16:00 14-40 13-50 30-00
Projected annual dividend per share (Rs.) : 4.00 4.50 750 5-50 575 0-00
Rupee return per sharc : 10-40 1150 23.50 19-90 1925 3000

The Chartered Accountant wants to maximize the total rupee return, thus the objective function of the

lincar programming problem is given by :
Maximize R = 10-40x, + 11-50x; + 23-50x3 + 19-90x4 + 1925 x5 + 30-00 x,
subject to the constraints (1) to (7) as stated below.
Since the total amount available for investment is Rs. 25 lakhs, therefore
(1)80x, + 100x; + 160 x5 + 120x4 + 150x5 + 200 x6 < 25,00,000
(2) 200x6 < 2,50,000 [from condition (1)]
3) 80x, +100x,  <5,00,000 [from condition (2)]
(4) According to condition (3) of the problem
80x, (0-05) + 100x, (0-03) + 160 x; (0-10) + 120.x4(0-20) + 150 x5 (0-06) + 200 x4(0-08)

80x, + ]OOX2+ 160.X3+ 120X4+ 150X5+200X6

-l;<_0-10

ot
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or 4x)+3x+ 1603+ 246, + 9 x5 + 16x6 < 8x; + 10x; + 163 + 12x4 + 15x5 + 20 x,

or —4x = Tx 4+ 0x5 + 120, —6x5-4x5<0

(5) x; 2100, x5 2 100, x3 2100, x4 2 100, x5 > 100, X6 2 100 [from condition (4)]

(6) 80x;+ 100x, 20-10 (80x; + 100x; + 160 x5 + 120 x4 + 150 x5 + 200 x5) [from condition 5]

or 80x; + 100x, > 8x; + 10x, + 16x3+ 12x4+ 15x5 + 20 x4

or 72x;+90x, 16x;3— 12x,— 15x5-20x6=>0

(7) 4x;+45x34+75x3+55x, + 5-75xs 2 10,000 [from condition 6)]

Finally, combining all the constraints from (1) to (7), the desired linear programming problem is
formulated.

Example 14. Consider a company that must produce two products over a production period of three
months of duration. The company can pay for materials and labour from two sources : company funds and
borrowed funds. '

The firm faces three decisions :

(1) How many units should it produce of Product I ?

(2) How many units should it produce of Product 2 ?

(3) How much money should it borrow to support the production of the two products ?

In making these decisions, the Sfirm wishes to maximize the profit contribution subject to the conditions stated
below : ’

(i) Since the company’s products are enjoying a seller’s market, it can sell as many units as it can produce. The
compuny would therefore like to produce as many units as possible subject to production capacity and financial
constraints. The capacity constraints, together with cost and price data, are given in Table—1.

Table—1 : Capacity, Price and Cost data

Product Sclling Price (Rs. per unit) Cost of Production;j (Rs. per unit) Required Hours per unit in Department
A B C
| 14 10 05 03 02
2 I 8 03 0-4 01
Available hours per production period of three months : 500 400 200

(i1) The available company funds during the production period will be Rs. 3 lakhs.

(iii) A bank will give loans upto Rs. 2 lakhs per production period at an interest rate of 20 per cent per
annum provided the company’s acid (quick) test ratio is at least | to I while the loan is outstanding.
Take a simplified acid-test ratio given by

Surplus cash on hand after production + Accounts receivable
Bank borrowings + Interest occurred there on

(iv) Also make sure that the needed funds are made available for meeting the production costs.

Formulate the above as a linear programming problem. [C.A. (Nov. 92)]

Formulation. Let x; = no. of units of product 1 produced, x, = no. of units of product 2 produced, and

X3 = amount of money borrowed.

The profit contribution per unit of each product is given by (selling price — variable cost of production).
Total profit can be computed by [summing of the profits from producing the two products — the cost associated
with borrowed funds (if any)]. The objective function is thus obtained as :

Maximize © o P=(14-10)x + (11 -—8)x2—0~05x3=4x,+3x2—0-05x3

(since the interest rate is 20% per annum, hence it will be 5% for a period of three months.)

Subject to the following constraints : v

The production capacity constraints for each department (as given by table 1) are :

0-5x) 4+ 0:3x, 500 ..(1) 0-3x; +0-4x, 400 ...(2) 0-2x; +0-1x, 200 ...(3)

The funds for available production include both Rs. 3,00,000 cash that the firm possesses and any
borrowed funds maximum up to Rs. 2,00,000. Consequently, production is limited to the extent that funds are

“available to pay for production costs. The constraint representing this relationship is given by :
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Funds required for production < Funds available
ie. 10x, + 8x, < Rs. 3,00,000 +x;3 or 10x; +8x, —x3< Rs. 3,00,000 ...(4)
The borrowed funds constraint [from condition (iii) of the problem] is given by x3 < Rs. 2,00,000
The constraint based on the acid-test condition is developed as follows :
Surplus cash on hand after production + Accounts receivable >1
Bank borrowings + Interest occured there on -
(3,00,000 + X3~ ]()X] - SXZ) + 14x1 +1 1X2 >1

Le X3+ 0:05x;
or 3,00,000 + x3 + 4x; + 3x, 2 (x3 + 0-05x3)
or — 4x, - 3x, + 0-05x; < 3,00,000 ..(5)

Finally the linear programming problem is formulated as :
Max. P = 4x, + 3x; — 0-05x3, subject to the constraints :
O'SXI + 0'3X2 <500, O'3Xl + O'4X2 <400, 0-2 X+ 0-1 X3 <200
onl + 8X‘_) - X3 <Rs. 3,00,000, X3 <Rs. 2,00,000
—4x, - 3x,+0-05x3 < Rs. 3,00,000, where xy, xp, X3 2 0.
Example 15. WELLTYPE Manufacturing company produces three types of typewriters. All the three

models are required to be machined first then assembled. The time required for various models are as
follows :

Types Manual typewriters Electronic typewriters Deluxe elec. typewriters
Machine time (in hours) 15 12 14
Assembly time (in hours) 4 3 5

The total available machine time and assembly time are 3000 hours and 1,200 hours, respectively. The
data regarding the selling price and variable costs for the three types are :

Type M | Electronic Deluxe Electronic
Selling price (Rs.) 4,100 7,500 14,600
Labour, material and other variable costs (Rs.) 2,500 4,500 9,000

The company sells all the three types on credit basis, but will collect the amounts on the first of next month. The
labour, material and other variable expenses will have to be paid in cash. This company has taken a loan of Rs.
40,000 from a co-operative bank and this company will have to repay it to the bank on Ist April, 1993. The TNC
Bank from whom this company has borrowed Rs. 60,000 has expressed its approval to renew the loan.

The Balance Sheet of this company as on 31.3.93 is as follows :

Liabilities ’ Rs. Assets Rs.
Equity share capital 1,50,000 Land 90,000
Capital reserve 15,000 Building 70,000
General Reserve 1,10,000 Plant & Machinery 1,00,000
Profit & Loss a/c 25,000 Furniture & Fixures 15,000
Long term loan 1,00,000 Vehicles 30,000
Loan from TNC Bank 60,000 Inventory 5,000
Loan from Co-op. Bank 40,000 Receivables 50,000
Cash 1,40,000
Total 5,00,000 Total 5,00,000

The company will have to pay a sum of Rs. 1 0,000 towards the salary from top management executives and
other fixed overheads for the month. Interest on long term loans is to be paid every month at 24% per annum.
Interest on loans from TNC and Co-operative Banks may be taken to be Rs. 1,200 for the month. Also this company
has promised to deliver 2 Manual typewriters and 8 Deluxe-Electronic type writers to one of its valued customers
next month. Also make sure that the level of operations in this company is subject to the availability of cash next
nionth. This company will also be able to sell all their types of type writers in the market. The senior manager of this
company desires to know as to how many units of each typewriter must be manufactured in the factory next month
so as 1o maximize the profits of the company.

Formulate this as a linear programming problem and need not to be solved. [C.A. (May) 93]
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Formulation. Let x;, x; and x; be the number of Manual, Electronic and Deluxe-Electronic typewriters
respectively which are to be manufactured in the factory next month. From the given data, profit contribution
per unit in rupees will be (4, 100-2500), (7,500-4,500) and (14,600-9,000) for Manual, Electronic and
Deluxe-Elec. typewriters, respectively, i.e. Rs. 1600, Rs. 3000 and Rs. 5,600 respectively. Therefore, the
objective function is given by :

Maximize P = 1600x, + 3,000x, + 5,600 x;.

From the data given for the time required for various models, we get the following constraints :

15x; + 12x, + 14x3 < 3,000 (machine time restriction)
and 4x) + 3x; + 5x3 < 1,200 (assembly time restriction)

The level of operations in the company is subject to the availability of cash next month.

The cash requirements for x, units of Manual, x; units of Electronic and x3 units of Deluxe-Electronic
typcwriters are :

2,500x, +4,500x, + 9,000x, (1)

The cash availability for the next month from the balance sheet is as follows :

Cash availability (Rs.) = Cash balance (Rs. 1,40,000) + Receivables (Rs. 50,000)
— Loan to repay to co-operative bank (Rs. 40,000)
— Interest on loan from TNC & Co-op banks (Rs. 1200)
£0-24 X Rs. 1,00,000)

— Interest on long term loans 12

—Top management salary & fixed overheads Rs. 1 ,000
Thatis, Cash availability =Rs. 1,40,000 + Rs. 50,000 — Rs. (40,000 + 1200 + 2000 + 10,000)
=Rs. 1,90,000 — Rs. 53,200 = Rs. 1,36,800 ' -(2)

From (1) and (2), we get the constraint
2,500 X) + 4,500 X2 + 9,000 X3 < l,36,800.

Also, the company has promised to deliver 2 Manual and 8 Deluxe-Elec. typewriters to one on its
customers. Hence x; 22, x, 20, and x328.

Finally, the formulated LPP can be put in the following form.

Max. P = 1,600x, +3,000x, + 5,600.x3, subject to the constraints :
I5x) + 12 + 14x3 < 3000, 4x; + 3x, + 5x3 S 1,200, 2500.x; +4500x, + 9000.x; < 1,36,800
X1 22,x,20,x328and x;, X2, X3 can take positive integral values only.

Example 16. The most recent audited summarized Balance Sheet of Shop and Shop Financial services is

given below :
Balance Sheet as on March 31, 1994

Liabilities (Rs. in lakhs) Assets (Rs. in lakhs) |

Equity Share Capital 65 Fixed Assets :

Reserves & Surplus 110 Assets on Lease (original cost : Rs. 550 lakhs) 375

Terin Loan from IFCI 80 Other Fixed Assets 50

Public Deposites 150 Investments (on wholly owned subsidiaries) 20

Bank Borrowings 147 Current Assets :

Other Current Liabilities 50 Stock on Hire 80
Receivables 30
Other Current Assets 35
Miscellaneous expenditure (not written off) 12

Total 602 Total 602

The company intends to enhance its investment in the lease portfolio by another Rs. 1,000 lakhs. For this
purpose it would like to raise a mix of debt and equity in such a way that the overall cost of raising additional
funds is minimized. The following constraints apply to the way the funds can be mobilized :

(1) Total debt divided by net owned funds, cannot exceed ]0.

(2) Amount borrowed from financial institutions cannot exceed 25% of the net worth.

(3) Maximum amount of bank borrowings cannot exceed three times the net owned funds.

(4) The company would like to keep the total public deposit limited to 40% of the total debr.
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The post-tax costs of the different sources of finance are as follows :

Term Loans
8:5%
Formulate the funding problem as LPP.
Note. (a) Total Debt = Term Loans from Financial Institutions + Pub
(b) Net Worth = Equity Share Capital + Reserves & Surplus.
(c) Net Owned Funds = Net Worth — Miscellaneous Expenditures.
Formulation. Let x;, x, x3 and x4 be the quantity
additional equity,

Equity
2:5%

Public Deposits
7%

Bank Borrowings
10%

lic Deposites + Bank Borrowings.

[CA. (May, 94)]

of additional funds (in lakhs) raised on account of
additional term loans, additional public deposites and additional bank borrowings,

respectively. The objective function is to minimize the cost of additional funds raised by the company. That is,
Minimize C = 0-25x, + 0-85x; + 0-07x3 + 0- 1.x4, subject to the following constraints :

Total Debt
<
M [th owned funds ~ 0] or
80+ 150+ 147 +x;+ x3+ x4 <10
o 65+110+x)-12 or
or X2+X3+X4+377S 10x1 + 1630 or

(Equity share capital + Reserve & Surplus <10

+ Additional Equity — Misc. Exp.)

X+ x3+x4+ 377
X1 +163

—10x; +x3+ X3+ x4 < 1253.

\i (Existing debt + Additional)

<10

(2) Amount borrowed (financial institutions) < 25% of net worth

utions + Additional loan)

< 25% (Existing Equity Capital + Reserve & Surplus + Addl. Equity Capital)

or (Existing long term loan from financial instit
or 80 +x,<0-25 (175 +x;) or 80+
or

XS5 (175+x)

320+4XZ5175+X, or -Xl+4X2.<_—]45 or x|—4x2?.145

(3) Maximum bank borrowings < 3 (Net owned funds)

or

or (147 +x3) €3 (65 + 110+ x; — 12) or x4—
(4) Total public deposit < 40% of total debt

or
or
or

(Existing bank borrowings + Addl. bank borrowings) < 3 { (Existing Equity Capital
+ Reserves & Surplus + Addl. Equity Capital — Misc. Exp.}

3x, < 525 — 36— 147 or —3x; +x4S 342,

(Existing public deposite + addl. public deposits) < 0-40 (Existing total debt + Addl. total debt.)
150 + x3 < 0-40 (80 + 150 + 147 +x; + X3+ Xx4) oOr 150 + x5 < 0-40 (x + X3 + x4 + 377)
1500 + 10x3 < 4x, + 4x5 + 4xy + 1508 or —4x,+ 6x;3 — 4x4 < 8.

(5) Addl. equity capital + Addl. term loan + Addl. public deposits + Addl. bank borrowings
= 1000 (since the company wants to enhance the investment by Rs. 1,000 lakhs)

or
(6) xi, X2, X3, X4 2 0.

X t+x+x3+x4=

1000

Example 17. Renco- Foundries is in the process of drawing up a Capital Budget for the next three years.

It has funds to the time of Rs. 1,00,000 which can be allo

cated across the projects A, B, C, D and E. The net

cash flows associated with an investment of Re. I in each project are provided in the following table.

Cash Flow at Time
0 1 2 3
Frominv. A ~-Re. 1 +Re. 05 +Rs. 1 Re.0
Frominv. B " Re.0 —Re. 1 +Re. 05 +Rel
Frominv.C ~Re. 1 +Rs. 12 Re.0 Re.0
Frominv.D -Re. Re.0 Re.0 Rs. 19
Frominv.E Re.0 Re. 0 —Re.1 Rs. 15
Note : Time 0 = present, Time | = | year from now, Time 2 =2 years from now, Time 3 = 3 years from now.

For example, Re. | invested in investment B requiresa Re. I cash outflow at time 1 and returns Re. 0-50 at

time 2 and Re. | at time 3.
To ensure that the firm remains reasonably diversifie

d, the firm will not commit an investment exceeding

Rs. 75,000 in any project. The firm cannot borrow funds; therefore the cash available for investment at any
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time is limited to cash on hand. The firmwill earn interest at 8% per annum by parking the uninvested funds in
money market investinents. Assume that the returns Sfrom investments can be immediately re-invested. For
example, the positive cash flow received from project Cattime I can immediately be reinvested in project B.

Required : Formulate an L.P. that will “Maximize cash on hand at time 3. [C.A. (Nov. 95)]

Formulation. The company wants to decide optimum allocation of funds to project A, B, C, D, E and
moncy market investments.

Letx), xa, x3, x4 and x5 be the amount of rupees invested in investments A, B, C, D and E respectively and
s;be the amount of Rs. invested in Money market investments at time i (for i = 0, 1,2).

The objective of the company is to draw up the capital budget in such a way that will “maximize cash on
hand at time 3”, At time 3, the cash on hand for company will be the sum of all cash inflows at time 3.

Since the firm earns interest at 8% per annum by parking the uninvested funds in money market
investments, hence Rs. 50, Rs. 51 and Rs. s, which are invested in these investments at times 0, 1 and 2 will
become 1:08 s, 1-08s) and 1-08s, at times 1, 2 and 3, respectively.

From the given table, it can be computed that at time 3 :

Cashonhand  =x; xRs.0+x; xRe 1 +x; xRe 0+x4 XRs. 1.9 + x5 X Rs. 1-5 + 1.08s,

=Rs. (5 + 19x4 + 1-5x5 + 1-08 5,)
The objective of the company is to maximize the cash at time 3. Hence the objective function will be :
Max. z=x,+ 1-9x4 + 1-5x5 + 108 5, (1)

It may be remembered that :

: Cash available for investment at time f = cash on hand at time ¢ .(2)

At time 0, funds to the tune of Rs. 1,00,000 are available for investment. From the table, it can be observed
that funds arc invested in investments A, C and D at time 0. Therefore,

Xy +x3 + x4+ 55 = 1,00.000 ..(3)

Attime 1, Rs. 0-5x, Rs. 1-2x; and Rs. 1-08 5o will be available as 2 result of investments made at time 0.
From the table Rs. x> and Rs. s, are invested in investment B and money market investments, respectively at
time 1.

Using (2), we get 0-5x;+1-2x3+ 1-08sy=x; + 5, .(4)

Attime 2, Rc 1 x(, Rs. 0-5.x; and Rs. 1-08 5, will be available for investment. However, Rs. x5 and Rs. s,
arc invested at time 2.

chCC, lxl +O'5X2 + 1'0851 =X5+ 5 ...(5)

Also, since the company will not commit an investment exceeding Rs. 75,000 in any project, we get the
lollowing constraints :

x;£75,000 fori=1,2,3,4,5. ...(6)
and xy, X, X3, x4, X5, So, 51, 52 are all 2 0. Finally, combining all above constraints, the L.P. model for the Renco
Foundrics is obtained as given below.
Max. z=1x; + 1-9x4 + 1-5x5 + 1-08s,, subject to the constraints :

X+ x3+x4+50= 1,00,000,

0-5x) + 1-2x3 + 1-08sy = x5 + 5

lx; +0-5x; + 1-08s) = x5 + 5,

x;£75000(i=1,2,3,4,5)

and X1, X2, X3, X4, Xs, S, 8, 53 are all 2 0.

‘Example 18. An agriculturist has a farm with 126 acres. He produces Radish, Muttar and Potato.
Whatever he raises is fully sold in the market. He gets Rs. 5 Jfor Radish per kg., Rs. 4 for Muttar per kg. and Rs.
3 for Potato per kg. The average yield is 1,500 kg. of Radish per acre, 1.800 kg. of Matter per acre and 1,200
kg. of Potato per acre. To produce each 100 kg. of Radish and Muttar and to produce each 80 kg. of Potato, a
sumn of Rs. 12:50 has to be used for manure. Labour required for each acre to raise the crop is 6 man-days for
Radish and Potato each and 5 man-days for Muttar. A total of 500 man-days of labour at a rate of Rs. 40 per

man-day are available. Formulate this as a linear programming model to maximize the agriculturist’s total
profit. [C.A. May 97)
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Solution. Let x|, x, x3 be the number of acres allotted for cultivating Radish, Matter and Potato
respectively. Then the following table can be worked out.

Radish Mauttar : Potato
Selling Price 5 x 1,500 = 7,500 4 x 1,800=7,200 5 % 1,200 = 6,000
Manure cost 12:50x 15 = 187-50 12.50 x 18 =225 1250 x 15 = 187-50
Labour cost 40 x 6 =240 40 x 5 =200 40 x 6 =240
Profit 7,500 - 427-50=7,072-50 7.200 - 425 =6,775 6,000 — 427-50=15,572-50

The linear programming formulation of the given problem is as follows :
Max. (Total profit) P = 7072-5 x; + 6775 x; + 5572-5 x5,

subject to the constraints

X +x+x3 £125 (land constraint)
6x) + 5x3 + 6x3 < 500 (labour constraint)
Xy X2, X3 2 0.

Example 19. A company has three operational departments (weaving, processing and packing) with
capacity to produce three different types of cloths namely suitings, shirtings, and woolens yielding the profit of
Rs. 2, Rs. 4 and Rs. 3 per meter respectively. One meter suiting requires 3 minutes in weaving, 2 minutes in
processing and 1 minute in packing 1 meter of shirting requires 4 minutes in weaving, 1 minute in processing
and 3 minutes in packing while one meter woolen requires 3 minutes in each department. In a week, total run
time of each department is 60, 40 and 80 hours of weaving, processing and packing departments respectively.

Formulate the linear programming problem to find the product mix to maximize the profit. [C.A. Nov. 98]

Solution. The problem may be expressed as follows :

Reserouces Product Total availability
. T (minutes)
Constraints Suiting Shirting Woolen
Weaving deptt. 3 4 3 60 x 60
Processing deptt. 2 1 3 40 x 60
Packing deptt. 1 3 3 80 % 60

The linear programming formulation can be easily obtained as follows :

Max. (Total profit) P = 2x; +dxz +3x3,
subject to the constraints :

3x; +4xy + Axy < 3,600

2x; + X2+ 3x3 < 2,400

X1+ 3x2 +3xy < 4,800
and X1 20,x320,x320.

Example 20. A firm buys castings of P and Q type of parts and sells them as finished product after machining,
boring and polishing. The purchasing cost for castings are Rs. 3 and Rs. 4 each for parts P and Q and selling costs
are Rs. 8 and Rs. 10 respectively. The per hour capacity of machines used for machining, boring and polishing for
two products is given below :

Capacity per hour Parts
P Q
Machining 30 50
Boring 30 45
Polishing 45 30
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The running costs for machining, boring and polishing are Rs. 30, Rs. 22-5 and Rs. 22'5 per hour
respectively. FORMULATE the linear programming problem to find out the product mix to maximize the
profit. [C.A. Nov. 97]

Solution. Lct x,, x, be the number of P and Q type parts to be produced per hour respectively.

For the profit part of x, and x,, we calculate the total cost for each and then subtract the sale price of that
. part from it. The cost and profit per part are calculated in the following table :

Casting operation Xy X
Machining 30730 = 100 30/50=060
Roring 22:5/30 = 075 22-5/45=0-50
Polishing 22:5/45 = 050 22-5/30=0-75
Purchase 3 4
Total cost 525 585
Sale price 8 10
Profit 275 415

On the machine, type of P parts consumes !/50th of the available hour, a type Q part consumes V50th of an
hour. Thus, the machine constraint becomes : -
1o
o 30MTtse =t O
Similarly, other constraints can be established.

The linear programming formulation of the given problem will be :

50 x,+30x, < 1,500

Max. (Total profit) P = 275 x; +415x,,
subject to the constraints :

1 1
3051502
1 1
— —x, <
305 + 35S

< 1lor 50 x; + 30 x, < 1,500 (machine constraint)
lord5x, +30x, < 1,350 (boring constraint)
4—15 Xy + % X3 € 1or30x) +45x, < 1,350 (polishing constraint)
and ' XXy 2 0.

Example 21. The owner of Fancy Goods shop is interested to determine how many advertisements to
release in the selected three magazines, A, B and C. His main purpose is to advertise in such a way that total
exposure to principal buyers of his goods is maximised. Percentages of readers for each magazine are known.
Exposure in any particular magazine is the number of advertisements released multiplied by the number of
principal buyers. The following data are available :

Particulars Magazines
A B C
Readers 1-0lakh 0-6 lakh 0-4 lakh
Principal buyers 20% 15% 8%
Costper Adbv. 8,000 6,000 5,000

The budgeted amount is at the most Rs. 1-0 lakh for the advertisements. The owner has already decided
that magazine A should have no more than 15 advertisements and that B and C each gets at least 8 adver-
tisements. FORMULATE a linear programming model for this problem. DO NOT SOLVE. [C.A. Nov. 96]

Solution. Lct x;, x; and x3 be the required number of insertions in magazine A, B and Crespectively. The
total exposure of principal buyers of the magazine is

Z = (20% of 1,00,000) x; + (15% of 60,000) x, + (8% of 40,000) x,
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8,000 x, + 6,000 x, + 5,000 x; < 1,00,000 (budgeting constraint)
x; €15 x, 28 and x3 2 8 (advertisement constraint )
The LP modelis:
Max. (Total exposure) P = 20,000 x; + 9,000 x5 + 3,200 x3,
subject to the constraints :
8,000 x, + 6,000 x, + 5,000 x; < 1,00,000
0<x <15 0<x<8, 02x 28
Example 22. Evening shift resident doctors in a Govt. hospital work five consecutive days and have two
consecutive days off. Their five days of work can start on any day of the week and the schedule rotates
indefinitely. The hospital requires the following minimum number of doctors working :
Sun. Mon. Tues. Wed. Thurs. Fri. Sat.
Kh] 55 60 50 60 50 45
No more than 40 doctors can start their five working days on the same day. Formulate the general linear
programming model to minimize the number of doctors employed by the hospital. [Deihi (MBA) 98]
Solution. Let x;, X3, X3, X4, Xs, Xg, X7 be the number of doctors who start their duty on j th G=1,2,....,7)
day of the week. The given problem has the following LP formulation :
Max. (Total no. of doctors) P = x| + x5 + x3+ x4 + X5 + X + X7,
subject to the constraints : X+ x4+ x5+ x6+x7 2 35
Xo+ X5+ X6+ x7+x; 2 55

X3+ Xg+x7+x; +x, 2 60
Xg+x7+x +x+x3 2 50
X5+ X+ X+ x3+x4 2 60
Xg+ Xy + X3+ x4 +x5 2 50
X7+ X3+ X4+ X5 +xg 2 45

0<x<40(G=12,..,7.
Example 23. The Omega Data Processing Company performs three types of activity : pay rolls, account
receivables, and inventories. The profit and time requirements for key punch computation and office printing
for a standard job are shown in the following table :
Omega guarantees over night completion of the job. Any job schedule during the day can be completed
during the day or night. Any job scheduled during the night, however, must be completed during the night. The
capacity for both day and night are shown in the following table :

Capucity (Min.) Key punch Computation Print
Day 4,200 150 400
Night 9,200 250 650

Formulate the linear programming problem in order to determine the ‘mixture’ of standard jobs that
should be accepted during the day and night.

Solution. Let x;; represent the jobs accepted during day and night.
The LP model is :

Max. P = 275 (x1; +x12) + 125 (xy; + x32) + 225 (x31 +x32) ,
subject to the constraints :

1200 (x” + X12) + 1400 (Izl + X22) + 800 (X3| +X32) > 13,400
100 (x3) +x12) + 60 (g1 + sz) + 80 (x3; +X32) < 1,050
1,200 x5 + 1,400 x5, + 800 x3, < 9,200
100 x;5 + 60x5, + 80 x3, < 650

and x; 2 Oforalliandj.
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Example 24. POR Coffee Company mixes South Indian, Assamese and Imported coffee to make two
brands of coffee, Plains X and Plains XX. The characteristics used in blending the coffees include strength,
acidity and caffeine. The test results of the available supplies of South Indian, Assamese, and Imported coffees
are shown in the following table :

Price/kg (Rs.) Strength index Acidity index Percent caffeine Supply available
(kgs.)
South Indian 30 6 4.0 2.0 40,000
Assamese 40 8 30 25 20,006
Imported 35 5 35 15 15.000

The requirements for Plains X and Plains XX coffees are given in the following table :

Plains Coffee Price/kg (Rs.) Min. Strength Max. Acidity Max. per cent caffeine | Quantity Demanded
(kgs)

X 45 65 38 22 35,000

XX 55 60 35 20 25,000
Assume that 35,000 kgs of Plains X and 25,000 kgs. of Plains XX are profits to be sold. Formulate the LPP

to maximize profit. [Bombay (MMS) 96}
Solution.  For Plain Coffee X, let
X1} = quantity in kg of South Indian coffee

X;2 = quantity in kg of Assamese coffee
x13 = quantity in kg of Imported coffee
and  forPlain Coffee XX

X7, = quantity in kg of South Indian coffee
X33 = quantity in kg of Assamese coffee
X33 = quantity in kg of Imported coffee

Thus, the LP model can be presented as follows :
Max. (Proﬁt) P =45 (30x“ + 4Ox|2 + 35x13) +55 (30 X9 + 40 X+ 35 x23) \

subject to the constraints

2 6-
2?] : gilz : gi” ; 2 (5)} strength index constraint
21 22 23 = O
4xll+3x12+3‘5xl3 < 38 di .
dxy + 3xy +3-5 xyy < 3.5[ ACIGHY consiraint

2. +1-5 <22
X+ 253 13 < }caﬂ‘eine constraint

2x3) 4253+ 2553 £ 20

X1 +x9, < 40,000

X2+ x5 £ 20,000} sale constraint
X3+ X3 < ’5,000

X1y +X|2 +xl3 = 35,000
Xap +Xpp + X3 = 25,000
X11s X12, 13, X215 X2, Xp3 2 0.

Example 25. A manufacturer of biscuits is considering four types of gift packs containing three types of
biscuits : orange cream (OC), chocolate cream (CC), and Wafors (W). Market research study conducted
recently to assess the preferences of the consumers shows the following types of assortments to be in good
demand :

sale constraint
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Assortments Contents Selling price per kg.
A Not less than 40% of OC 20
Not more than 20% of CC
Any quantity of W
B Not less than 20% of OC 25
Not more than 40% of CC
Any quantity of W
C Not less than 50% of OC 22
Not more than 10% of CC
Any quantity of W
D No restrictions 12
For the biscuits, the manufacturing capacity and costs are given below :
Biscuils variety Plant capacity (kg/day) Manufacturing cost Rs/kg.
ocC 200 8
CcC 200 9
w 150 7

Formulate a linear programming model to find the production schedule which maximizes the profit
assuming that there are no market restrictions. [Delhi (MBA) April, 93]

(Note. This is also discussed earlier in Ex. 11 on page 61.)
Solution. Let the decision variables x; (i=A, B, C,D; j=1,2,3)be defined as follows :
(i) x4, Xa2. X43, denote the quantity in kg of OC, CC and W type of biscuits respectively for A.
(i) xg1, Xg2, Xg3, denote the quantity in kg of OC, OC and W type of biscuits, respectively, for B.
(iii) xc1, Xca, Xc3, denote the quantity in kg. of OC, CC and W type of biscuits respectively, for C.
(iv) xpy, Xpa2, Xp3 denote the quantity in kg of OC, CC and W type of biscuits, respectively, for D.
The LP model can be easily obtained as
Max. Z =20 (x4; + x40 + Xa3) + 25 (xg; + xpp + xp3) + 22 (x¢) + X2 + X3)
+ 12 (xpy + xpa + Xp3) = 8 (xa) +xp1 +xcy +xp)) = 9 (xaz + Xg2 + X +Xp2) — T (xa3 + X3 + X3 + Xp3)
= IZXA] +1 lez + ]3XA3 + 17XB| + lﬁsz + ]8XB3 +24XC| + 13XQ+ ISXC3 + 4XD| + 3XD2 + SXD3
subject to the constraints :
XAl 2 040 (xAl + x40+ XAS)
XA2 < 020 (XA, + X450 +XA3)
Xgi 2 020 (XB] +Xpgy + .¥B3)
Xpy S 0-40 (xpy + xp2 +XB3)
Xep 2 0-50 ("xCl + X +Xc3)
X < 0-20 (XCI + X2 + Xc3)
Xaqy +Xg1 +Xc) +Xpy < 200
Xp2 + Xga + Xco + Xpy < 200} (plant capacity constraints)
Xpa3+ Xgy+ X3+ Xp3 < 150
x;j20(@=ABCD;j=123)

(constraints for A)
(constraints for B)

(constraints for C)

EXAMINATION PROBLEMS

1. A firm manufactures headache pills in two sizes A and B. Size A contains 2 grains of aspirin, 5 grains of bicarbonate and 1
grain of codeine. Size B contains 1 grain of aspirin, 8 grains of bicarbonate and 6 grains of codeine. It is found by users that it
requires at least 12 grains of aspirin, 74 grains of bicarbonate and 24 grains of codeine for providing immediate effect. It is
required to determine the least number of pills a patient should take to get immediate relief. Formulate the problem as a
standard LPP. {Kota 91]
[ANS. Min. 2 = X1 + X, S.1. 2X1 + X2 212, 5x1 +8%2 274, X1 +6X2224;%y,%220.]

2. A manufacturer has three machinas A, B, C with which he produces three different articles P, Q, R. The different machine
times required per article, the amount of time available in any week on each machine and the estimated profits per article are
furmished in the following table :
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Article Muachine time (in hrs.) Profitper article
A B C (inrupees)
P 8 4 2 20
Q 2 3 0 6
R 3 0 1 B
Available 250 150 50
machine hrs.

Formulate the problem as a linear programming problem.
[Ans. Max.z=20P+6Q+8R; suchthat8P+2Q+3R<250,4P+3Q<150,2P+R< 50;and P, Q, R20.]

. Two alloys A and Bare made from four different metals /, /1, /Il and IV according to the following specifications :

A at most 80% of /, at most 30% of //, at least 50% of ///, B : between 40% & 60% of 1, atleast 30% of ///, at most 70% of /V.,

The four metals are extracted from three different ores whose consituents percentage of these metals, maximum available
quantity and cost per ton are as follows :

Constituent %

Ore Max. Quantity ] i1 Hi v Others Price
(tons) (Rs. per ton)
| 1000 20 10 ‘30 30 10 30
2 2000 10 20 30 30 10 40
3 3000 5 5 70 20 0 50

Assuming the selling prices of alloys A and Bare Rs. 200 and Rs. 300 per ton respectively. Formulate the above as a linear
programming problem selecting appopriate objective and constraint functions. [I.C.W.A. (Dec.) 88)
[Ans. Max. z=200A + 3008 - 30 (X, 4 + X,5) — 40 (X24 + X28) — 50 (X5, + X;) , SUbject to the constraints ;

0:20x, , + 010, , + 0-05x,,, < 0.80A 0-1X,5+ 025 + 0-05x,5 2 0-408
: 0-1x,g+ 0-2%,5+ 0-05x,5< 068

0-10x; 4 + 0-20x, 4 + 0-05x,, < 0-30A }(alloy specification for A) 0-3x,5+ 0-3x%,5+ 0-7x;52 0-38 (alloy specification for B)
' 18+ 0-3%5+0:7x3520-

0:30Xy4 + 0-30x,4 + 0-70x,4 2 0-50A 0-3x,5+ 0-3%,5+ 02X, < 078
. . ) _ Xia+ X158 < 1000
8;:"‘ : g_g:“ I g_g;‘)’(‘ "_AB } (material balance) Xoa+ Xo5<2000 | (availability of ores)
18 28 38 = Xaa+ Xop < 3000

A, B, xia, xig20(i=1,2,3), where Aand B denote quantities of alloy of Aand B; and x,, xg(i=1, 2, 3) denote the
quantities goinginto A or Bfrom/, 11, I, or IV }

. Consider the following problem faced by a production planner in a soft drink plant. He has two bottling machines A and B. Ais

designed for 8-ounce bottles and B for 16-ounce bottles. However, each can be used on both types with some loss of
efficiency. The following data is available.

Machine 8-ounce bottles 16-ounce bottles
A 100/minute 40/minute
B 60/minute 75/minute

The machiné can be run 8-hour per day, 5§ days per week. profit on 8-ounce bottle is 15 paise and on 16-ounce is 25 paise.
Weekly production of the drink cannot exceed 3,00,000 ounces and the market can absorb 25,000 eight-ounce bottles and
7,000 sixteen-ounce bottles per week. The planner wishes to maximize his profit subject, of course, to all the production and
marketing restrictions, formulate this as linear programming problem.
{Hint. Let x; units of 8-ounce bottle and x, units of 16-ounce bottle be produced. Total profit of production ptanner is given by
P =0.15% + 0.25x;.
Since machine A and B both. work 8 hours per day and 5 days per week, the total working time for machine A and B will
become 2400 minutes per week. Therefore, time conditions will be

X X ; X X )

100 + 20 < 2400 (for machine A), 80 + 75 < 400 (for machine B)
Restriction of total weekly production will be 8x, + 16x; < 3,00,000.

Market consumption is restricted by 0 < x; < 25000 and 0 < x, < 7000.

. Formulate the folowing linear programming problem.

A used-car dealer wishes to stock-up his lot to maximize his profit. He can select cars A, Band Cwhich are valued wholesale
atRs. 5000, Rs. 7000 and Rs. 8000 respectively. These can be sold at Rs. 6000, 8500 and 10500 respectively.
For each car type, the probabilities of sale are :
Type of car : A B c
Prob. of sale in 90 days. : 07 08 06
For every two cars of B, he should buy one car of type A or C. If he has Rs, 1,00,000 to invest, what should he buy to maxifnize
his expected gain. [VTU (BE Vith Sem.) Aug. 2002)
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[Hint. Letxy, %, x3 number of cars be purchased of type A, B, Crespectively. Gain percarfor A, B, C will be Rs. (6000 — 50000),
Rs. (85000 - 7000), Rs. (10500 — 8000) respectively. Therefore total expected gain will be
z = 1000 x; x 0-7 + 1500x; 0-8 + 2500x3 x 0-6]
Investment constraints will be given by
5000x4 + 7000 (2x3) < 1,00,000 and 7000 (2x;) + 8000 x3 < 1,00,000] .
6. Certain farming organization operated three farms of comparabie productivity. The output of each farm is limited both by the
usable acreage and by the amount of water available for irrigation. The data for the upcoming season are the following :

Farm Usable acreage . Water available in acre feet
1 400 1500
2 600 2000
3 300 900

The organization is considering three crops for planting which differ primarily in their expected profit per acre and in their
consumption of water. Furthermore, the total acreage that can be devoted to each of the crops is limited by the amount of
appropriate harvesting equipment available.

Crop Minimum acreage Water consumption in acre feet Expected profit per acre
A 700 5 Rs. 400
B 800 4 Rs. 300
C 300 3 Rs. 100

In order to maintain a uniform work-load among the farms, itis the policy of the organization that the percerntage of the usable
acreage planted must be the same at each farm. However, any combination of the crops may be grown at any of the farms.
The organization wishes to know how much of each crop should be planted at the respective farms in order to maximize
expected profit. Formulate this as a linear programming probiem. [Roorkee (B.E. IV th) 91; Delhi (M.B.A.) 75]
[Hint. Let the number of acres at the Ah farm devoted to gfh crop be denoted by the decision variable
X,‘l‘(i=1,2,3 ;j=A,B, C)

Then the formulation of the problem will be :

Max. P = 400% Xia + 300)3. X;g + 100 g Xic, Subject to.g X1;< 400, g X;< 600, g x3;< 300.
i=1 i=1 i=1 j=A j=A j=A
[ 5xa+ 4x;g + 3x,c < 1,5000 |
Sxoa+ 4)_(23-1- 3x20<2,000 }, g Xy;< 700, g X< 800, g X3,'S 300,
5X34 + 4X3g + 3x3¢ < 900 j=A j=A j=A
As the farming organization wishes to keep the policy of uniform warkload, the following equations must also hoid :
Xiat+t Xig+ Xic  Xoat Xopt+ Xoc XAt Xopt+ Xoc  X3at Xagt X3¢ X1A+ X1+ Xic Xza+ X3g + X3¢
400 - 600 ' 600 - 300 ' 400 - 300
Since the first two equations yield the third, the third equation can be omitted from the model. Now rearranging the remaining
two equations; the uniform workload restrctions become :
3 (x1a+ X158+ X10) —2 (X4 + X2g+ Xo0) = 0and (4 + X258+ X20) ~ 2 (X3a+ X3p + X30) = 0.
7. A feed mixing company purchases and mixes one or more of the three types of grain, each containing different amount of
three nutritional elements, the data is given below :

One unit weight of Minimum total
”.w." Grainl Grain2 Grain 3 reqmrfmxenr, over
Nutritional planning horizon
ingredient
A 2 4 6 2125
B 0 2 S 224
C 5 I 3 280
Cost per unit wt. (Rs.) 25 15 18 Minimize

The production manager specifies that any feed mix for his livestock must meet at least minimal nutritional requirements; and
seeks the least costly among all such mixes. Suppose his planning horizon is a two week period, that is, he purchases enough
to fill his needs for two weeks. Formulate thisas an L.P.P.
[Hint. Let xy , x2, x3 denote the weight ievels of three different grains. Then by considering the nutritional ingredient in the
three grains, linear programming problemiis :

To minimize C = 25x; + 15x; + 18x3, subject to the constraints :

2xy + 4x2 + 6x3 2 125, 2xp +5x3 2 24,5x1 + %2, 3x3 2 80, and xy, X3, X3 2 0]

8. ABCfoods company is developing a low calorie high protein diet supplement called Hi~Pro. The specification for Hi~Pro, have

been established by a panel of medical experts. These specifications along with the calorie, protein and vitamin content of
three basic foods are given in the foliowing tabie :



10.

=

UNIT 2: LINEAR PROGRAMMING PROBLEM / 25

Units of Nutritional Elements per 100 gm Serving of Basic Foods :

Nutritional Elements Basic Foods Hi-Pro. Specifications
No. | . No.2 No. 3
Calories 350 250 200 <300
Protein 250 300 150 =200
Vitamin A 100 150 75 2 100
Vitamin C 75 125 150 2100
Cost per serving (Rs.) 1.50 200 1-20

Formulate the linear programming model to minimize cost.
[Hint. Let xy, x;, x3 denote the number of units of basic food number 1, 2 and 3, respectively. Then the formulation will be
obtained as follows : Min. z = 1-50x; + 2x; + 1-20x3, subject to the conditions

350X1 + 250X2 + 200X3 <300 100x; + 150x; + 75x3 2 100 X1, X,Xx320 ]
250x; + 300x, + 150x3 2 200 75x1 + 125x; + 15003 > 100

. (Investment Problem) Mr. Krishnamutry, a retired Gowt. officer, has recently received his retirement benefits, viz., provident

fund, gratuity, etc. He is contemplating as to how much funds he should invest in various alternatives open to him so as to
maximize return on investment. The investment alternatives are : government securities, fixed deposits of a public limited
company, equity shares, time deposits in banks, national saving certificates and real estate. He has made a subjective
estimate of the risk involved on a five point scale. The data on the return on investment, the number of years for which the
funds will be biocked to earn this return on investment and the subjective risk involved are as follows :

Investment Alternates Return Number of years Risk
Gowt. securities 6% 15 i
Company deoposits 15% 3 3
Equity shares 20% 6 7
Time deposits 10% 3 1
NSC 12% 6 1
Real Estate 25% 10 2

He was wondering what percentage of funds he should invest in each alternative so as to maximize the return on investment.
He decided that average risk should not be more than 4, and funds should not be locked up for more than 15 years. He would
necessarily invest at least 30% in real estate.

Formulate an LP modet for the problem.

[Hint Let xy , x2, x3, x4 and x5 be the percentage of the total funds that should be invested in government securities,
company deposits, equity shares, time deposits, national saving certificates and real estate, respectively. The LP model can
be formulated as follows :
Maximize z = 0-06x; + 0-15x, + 0-20x3 + 0-10x, + + 0-12x5 + 0-25x5, subject to the conditions :

15)) + 3% + 6X3+ 3xg + 6X5 + 10X S 15, X + B2+ TX3+ Xg+ X5+ 2X < 4, X1, Xp, X3 2 0.

X5 20-30; xqy, Xz,'X;;, X4, X5, Xg 2 0].

(Media Selection Problem) The Owner of Metro Sports wishes to determine how many advertisements to place in the
selected three monthly magazines A, Band C. His objective is to advertise in such a way that total exposure to principal
buyers of expensive sports goods is maximized. Percentages of readers for each magazine are known, Exposure in any
particular magazine is the number of advertisments placed multiplied by the number of principal buyers. The following data
may be used :

Exposure Category o Magazines
A B C
Readers (in Lakhs) I 0-6 04
Principal Buyers 10% 15% 7%
Cost per advertiscment (Rs.) 5000 4500 4250

The budgeted amount is at most Rs. 1 Lakh for the advertisements. The owner has already decided that magazine A should
have no more than 6 advertisements and that Band C each have at least two advertisements. Formulate a LP model for the
problem.
[Hint. Letx;, xz, x3 be the number of insertions in magazine A, Band C, respectively.

Then the LP formulation will be as follows :

Maximize : z = (10% of 1,00,000) x4 + (15% of 60.000) x, + (7% of 40,000) x3 (Total exposure)

subject to the constraints : 5000 x; + 4500 x; + 4250 x3 < 1,00,000 (Budgeting constraint)

X1$6,x%22,x32>2 (Advertisements constraint) x; 20, X220, x3> 0 ]
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11. A city hospital has the following minimal daily requirements for nurses.

Period Clock Time (24 hr. day) Minimal Number of Nurses Required
1 6AM.-10AM. 2
2 I0AM.-2P. M. 7
3 2P.M.~-6P.M. 15
4 6PM.-10P.M. 8
5 IOPM.-2AM. 20
6 2AM.-6AM. 6

Nurses report to the hospital at the beginning of each period and work for 8 consecutive hours. The hospital wants to
determine the minimum number of nurses to be employed so that there will be sufficient number of nurses available for each
period. Formulate this as a linear programming problem by setting up appropriate constraints and objective function. Do not solve.
[Hint. Let X1, %, X3, X4, X5, X% be the number of nurses on duty at 6 AM., 10 AM.,2 P.M.size5 ,6 PM.,10 PM.,
and 2 A.M., respectively. Then the required LP formulation will be as follows :

MinimizeZ=Xxy + Xo+ Xa+ Xa + X5+ Xg
subject to the constraints :
X1+ X2 >7
Xa+ X3 215
X3+ Xa >8
X4+ Xs >20
X5 + Xg >6
Xe + Xy 22
X1, X2, X3, X4, X5, Xg 20].

Graphical Method

[ 3:3. GRAPHICAL SOLUTION OF TWO VARIABLE PROBLEMS |

3.3-1. Graphical Procedure

Simple linear programming problems of two decision variables can be easily solved by graphical method.
The outlines of graphical procedure are as follows :

Step 1.
Step 2.
Step 3.

Step 4.
Step 5.

Step 6.

Consider each inequality—constraint as equation.

Plot each equation on the graph, as each one will geometrically represent a strai ghtline.

Shade the feasible region. Every point on the line will satisfy the equation of the line. If the
inequality-constraint corresponding to thatline s <, then the region below the line lying in the first
quadrant (due to non-negativity of variables) is shaded. For the inequality-constraint with ‘ 2’ sign,
the region above the line in the first quadrant is shaded. The points lying in common region will satisfy all
the constraints simultaneously. The common region thus obtained is called the feasible region.

Choose the convenient value of z (say = 0) and plot the objective function line.

Pull the objective function line until the extreme points of the feasible region. In the maximization
case, this line will stop farthest from the origin and passing through at least one corner of the feasible
region. In the minimization case, this line will stop nearest to the origin and passing through at least
one corner of the feasible region. -

Read the coordinates of the extreme point(s) selected in Step 5, and find the maximum or mininum (as
the case may be) value of z. The following examples will make the outlined graphical procedure clear.

. What is meant by linear programming problem ? Give brief description of the problem with illustrations. How the same

can be solved graphically. What are the basic characteristics of a linear programming problem?  [Meerut (Stat.) 98]
Explain briefly the graphical method of solving linear programming problems. State its advantages and limitations.
Write the algorithm of graphical solution for LP models. [JNTU (MCA Il1) 2004]

3.3-2. Graphical Solution of Properly Behaved LP Problems
Example 26. Find a geometrical interpretation and solution as well for the following LP problem :

Maximize z = 3x; + 5x,, subject to restrictions :
x| + 2x, 2000, x, +x, < 1500,x, £600, and x20,x20.
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Graphical Solution.

Step 1. (To graph the inequality-constraints). Consider X, 4
two mutually perpendicular lines 0x, and 0Xx, as axes of r
coordinates. Obviously, any point (x;,x;) in the positive
quadrant will certainly satisfy non-negativity restrictions : ~[M
%1 20,x;20. To plot the line x; + 2x; = 2000, put x, =0, find 1000
x; = 2000 from this cquation.

Then mark a point L such that OL = 2000 by assuming a 500 N
suitable scale, say 500 units = 2 cm. Similarly, again put x; =0 — —>
to find x=1000 and mark another point M such that o =L —»x,
OM =1000. 500 1000 1500

Now join the points L and M. This line will represent the Fig. 3.1

cquation x| + 2x, = 2000 as shown in the above figure.
Clearly, any point P lying on or below the line x;+2x;=2000 will satisfy the inequality
Xy + 2x3 < 2000.. (If we take a point (500, 500), i.e., x; = 500, x, = 500, then we have 500 + 2 x 500 < 2000,
which is true).
Similar procedure is now adoped to plot the other two lines : x; + x, = 1500 and x, = 600
as shown in the Figs. 3.2 and 3.3, respectively. Any point on or below the lines x; + x, = 1500 and x, = 600 will
also satisfy other two inequalities : x; +x; < 1500, and x; < 600, respectively.

X, 4 ler
15&@
\
X 1000
7 X, =600
1000 % 600 7 2
7,
2 /
500 & /
“—P X,
I A Of 500 1000 1500 2000
O 500 1000 1500\ '
Fig. 3.2 Fig.3.3

Step 2. Find the feasible region or solution space by combining the Figs. 3.1, 3.2 and 3.3 together. A
common shaded area OABCD is obtained (see Fig. 3.4) which is a set of points satisfying the inequality
constraints :

X + 2x, £2000, x; + x, < 1500, x, £ 600,
and non-negativity restrictions as x; 2 0, x, 2 0. Hence any point in the shaded area (including its boundary)
is fcasible solution to the given LPP.

Step 3. Find the co-ordinates of the corner points of feasible region O, A, B, Cand D.

Step 4. Locate the corner point of optimal solution either by calculating the value of z for each corner
pointO, A, B, C, and D (or by adopting the following procedure).

Here, the problem is to find the point or points in the feasible region (collection of all feasible solutions)
which maximizc(s) the objective (or profit) function. For some fixed value of z, z = 3x + 5x, is a straight line
and any point on it gives the same value of z. Also, it should be noted that the lines corresponding to different
valucs of z are parallcl, because the gradient (- 3/5) of the line z = 3x; + 5x; remains the same throughout. For
z=0,i.e,0=3x; +5x; means a line which passes through the origin. To draw the line 3x, + S5x, =0,

. . X -5 =500
determine the ratio %= 3 " 300

Mark the point £ moving 500 units distance from the origin on the negative side of x,-axis. Then find the

points F such that EF = 300 units in the positive dircction of X,-axis. Joining the point F and O, draw the line
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3x; + S5x2=0. Now go on drawing the ler
lincs parallel to this line until at least a
linc is found which is farthest from the
origin but passcs through at least one
corner of the feasible region at which the

Line for maximum

maximum value of z is attained. It is also 1000K: value ofz
possible that such a line may coincide
with one of the edge of feasible region. In X,=600

at cas i i 600"}
that case, every point on that edge gives 3

the maximum value of z.

In this example, maximum value of z
is attained at the corner point
B (1000, 500), which is the point of
intersection of lines x; + 2x; = 2000 and

B B (1000, 500)

x; +x,=1500. Hence, the required \‘é§0/. %% 5500
solution is x; = 1000, x5 = 500 and max. “e

valuc z = Rs. 5500. Fig. 3.4.

Note. If the number of vertices of feasible region is small, find the coordinates of vertices. As in above example,

0=(0,0), A= (1500, 0), B= (1000, 500), C=(800, 600), D= (0, 600) are obtained by solving the pair of lines whose
intersections are these points, respectively. The value of z corresponding to these points will be
20=0, z4 = 4500, zg = 5500, zc = 4500, zp=3000. Clearly zg = 5500 is maximum for the point 8 (1000, 500) which

gives the required solution. X> 4
Example27. Considerthe problem .
Max. z = x| + x,, subject to, 2000F,
x| + 26, < 2000
xj + X, < 1500 1500 4R
X €600 "
and xp,x20. 1000
Graphical Solution. This problem is of the same R
type as discusscd earlier except the objective function is 600 X,=600

slightly changed. The feasible region will be similar to 500
that of the above problem. Fig. 3.5 shows the objective ™
function lines of the problem for three different values %
2.2, z30f Z. Of*._ 500 1000, 1500 -._2000™-

It is clear from Fig. 3.5 that z, is the maximum value A A
of z. It is quitc interesting that the line z, representing the
objcctive function lics along the edge AB of the polygon
of fcasible solutions. This indicates that the values of x| and x, which maximize z are not unique, but any point
on the edge AB of OABCD the polygon will give the optimum value of z. The maximum value of z is always
unique, but there will be an infinite number of feasible solutions which give unique value of z. Thus, two
corners A and B as well as any point on the line AB (segment) give optimal solution of this problem.

It should be noted that if a linear programming problem has more than one optimum solution, there exists
alternative optimum solutions. And, onc of the optimum solutions will be corresponding to corner point B, i.e.
x; = 1000, x, = 500 with max. profitz =Rs. 1500.

Example 28. Solve the following LP problem graphically :
Max. z = 8000x, + 7000x, , subject to

3x; +x,£66,x, +x <45, x; £20,x, <40 andx), x, 20.
Solution. First, plot the lines 3x; + x; = 66, x) + x2 = 45, x| = 20 and x, = 40 and then shade the feasible
region as shown in Fig. 3.6.

>x,

Z, zZ, Z, Zy
Fig. 3.5
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Draw a dotted line 8000x, + 7000x, =0 for z =0 and 4
continue to draw the lines till a point is obtained which is 66
farthest from the origin but passing through at least one of 60
the corners of the shaded (feasible) region. Fig. 3.6 shows s
that this point is P (10-5, 34-5) which is the point of 50
intersection of lines A

3x) +x =66 and x| + x, = 45. 40

Hence, zis maximum for x, = 10-5 and x; =345 7/,

Max. z = 8000 x 10-5 + 7000 x 34-5 30
=Rs.325000.  Ans.

Example 29. Old hens can be bought at Rs. 2 each 20,
and young ones at Rs. 5 each. The old hens lay 3 eggs per
week and the young ones lay 5 eggs per week, each egg “F
being worth 30 paise. A hen (young or old) costs Re. 1 per 7T8 y
week to feed. | have only Rs. 80 to spend for hens, how many . 4 -
of cach kind should I buy to0 give a profit of more than Rs. 6 EO ~ 057, 20 \22 L4000\ 60

x, =20
|- Maximum point

X, =40

Line formaximum
valueofz

perweek, assuming that [ cannot house more than 20 hens. N R e\:)
[UNTU (B. Tech. 2002; Kota 93; =2 D O
Meerut (B.Sc.) 90, (M.Sc.) 90) 2, 2,

Solution. Formulation. Let x, be the number of old
hens and x; the number of young hens to be bought.

Since old hens lay 3 eggs per week and the yound ones lay 5 eggs per week, the total number of eggs obtained
per week will be = 3x, + 5x,.

Consequently, the cost of each egg being 30 paise, the total gain will be= Rs. 0-30 (3x, + Sx,).
Total expenditure for feeding (x; + x;) hens at the rate of Re. 1 each will be = Rs. 1.(x; +x).
Thus, total profit z earned per week will be z = total gain — total expenditure
or z=0-30 (3x, + 5x,) - (x| + x2) or z=0-50 x,— 0-10 x, (objective
Since old hens can be bought at Rs. 2 each and young ones at Rs. 5 each and there are only Rs. 80 available for
purchasing hens, the constraint is : 2x; + 5x, < 80.
Also, since it is not possible to house more then 20 hens at a time, X +x, <20.

Also, since the profit is restricted to be more than Rs. 6, this means that the profit function z is to be maximized.
Thus there is no need to add one more constraint, i.e. 05x,~-01x,26.

Again, itis not possible to purchase negative quantity of hens, therefore x;, 20, x, > 0.

Finally, the problem becomes :
Find x; and x, (real numbers) so as to maximize the profit function
2 = 0-50x; ~ 0-10x, subject to the constraints :

2x) +5x, <80, x; +x, <20, and x,,x,20.

Graphical Solution. Plot the straight lines X:4
2x; + 5x3 =80 and x| + x» = 20 on the graph and
shade the feasible region as shown in the figure
[Fig.3.7]. % D

The feasible region is OBEC. The \6§

]

coordinates of the extreme points of the feasible E
region are : 12
0=(0,0),C=(20,0),B=(0, 16), 8

E=(20/3,40/3).

The values of z at these vertices are :
72,=0,2c=050Xx0-0-10x20=-2, 5
73=050x16-0-10x0=8,

—»x,

Fig. 3.7.
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25 =050 x%—o-mx?ﬂs.

Since the maximum value of z is Rs. 8 which occurs at the point B = (0, 16), the solution to the given
problemisx; =0, x, =16, max. z=Rs. 8.

Hence only 16 young hens I should buy in order to get the maximum profit of Rs. 8 (which is > 6).

Example 30. (Minimization problem) X4
Consider the problem : Min. z=15x+25x 2|‘§
subjecttox; +3x:,23,x) +x22,x,%20.
Lt

Graphical Solution. The geometrical interpretation
of the problem is given in Fig. 3.8. The minimum value of 1
z is z4=3:5. This minimum is attained at the point of

intersection A of the lines x; +3x;=3and x; + x, =2. (_0'5’06'3;§§‘_
This is the unique point to give the minimum value of z. _0'5 0
Now, solving these two equations simultaneously, the ’
optimum solution is : x;=3/2,x,=1/2 and min.
z=35.
3.3-3. Graphical Solution in Some Exceptional Cases X4
The following cxamples show that there are certain 3 N
cxceptional cascs which must be taken into consideration if a %
genceral technique for solving LP problems is to be developed. Z S
Example 31. (Problem having unbounded solution) 2F h 4
Max z=3x, + 2xs subjecttox; — x, < 1,x) +x, 2 3, and [,
Xy X2 20.

—

Graphical Solution. The region of feasible solutions is
the shaded arca in Fig. 3.9.

It is clear from this figure that the line representing the s »x
. . - . . . ol gl ]
objcctive function can be moved far even parallel to itself in the / 1 2 3\

dircction of incrcasing z, and still have some points in the
rcgion of fcasible solutions. /
Hence z can be made arbitrarily large, and the problem has
no finitc maximum value of z. Such problems are said to have Fig. 3.9.
unhounded solutions.
Infinite profit in practical problems of linear programming 4 2
cannol be expected. If LP problem has been formulated by \ﬁ
committing somc mistake, it may lead to an unbounded solution. \\ Z
Example 32.Max. z=-3x;+2xy subject to x;<3,
X, —x2350,andx;, % 20.
Graphical Solution. In Example 31. it has been seen that %’/Q
e
4N

both the variables can be made arbitrarily large as zis increased.
In this example, an unbounded solution does not necessarily
imply that all the variables can be made arbitrarily large as z
approaches infinity. Here the variable x; remains constant as
shown in Fig. 3.10. :

Example 33. (Problem which is not completely normal) ]

Maximize z=-x;+2x> subject to -x+x <1, ol 1 2 3
~x1+26:%4,and x;, x,20.

Fig. 3.10
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Graphical Solution. The problem is solved graphically in Fig. 3.11.

Fig. 3.11

Here the linc of objective function coincides with the edge of Az,
the region of feasiblc solutions. Thus, every point (x; , x;) lying on this
cdge (- x; +2xy =4), which is going to infinity on the right gives
z=4, and is therefore an optimal solution.

Example 34. (Problem with inconsistent system of constraints)
Maximize z=3x, — 2x, subjectto x, + xS 1,2x, + 2x;24,and

Xy, X 20.

Graphical Solution. The problem is represented graphically in

Fig.3.12.

The figure 3.12 shows that there is no point (x, x,) which satisfies
both the constraints simultaneously. Hence the problem has no
solution becausc the constraints are inconsistent.

/I Lx
0 N N

Fig. 3.12.

Example 35. (Constraints can be consistent and yet there may be no solution)

Max. z = x| + x, subject to

X —X220,—3.X| +x223,audx|,x320.

Graphical Solution. Fig. 3.13 shows that there is no region of feasible solutions in this case. Hence there
is no feasible solution. So the question of having optimal solution does not arise.

X, 4

X, 4
5
//Q - i
/’«""
A 3
o 2k
1 A > X, 1F
o}

(Feasible Region Consists
of Single Point A)

A (20/19,45/19)

Fig. 3.13
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Example 36. (Problem in which constraints are equations rather than inequalities)

Max. 7 =5x; + 3xs subject to 3xy + 5x, = 15,5x; + 2x, = 10,x, 20, x, 20

Graphical Solution. Fig. 3.14 shows the graphical solution. Since there is only a single solution point
A (20719, 45/19), there is nothing to be maximized. Hence, a problem of this kind is of no importance. Such
problems can arisc only when the number of equations in the constratints is at least equal to the number of
variables. If the solution is fcasible, it is optimal. If it is not feasible, the problem has no solution.

Example 37. A firm plans to purchase at least 200 quitals of scrap containing high quality metal X and
low quality metal Y. It decides that the scrap to be purchased must contain at least 100 quintal of X-metal and
not more than 35 quintals of Y-metal. The firm can purchase the scrap from two suppliers (A and B) in
unlimited quantites. The percentage of X and Y metals in terms of weight in the scraps supplied by A and B is
given below :

Mctals Supplier A Supplier B
X 25% 75%
Y 10% 20%

The price of A's scrap is Rs. 200 per quintal and that of B’s is Rs. 400 per quintal. Formulate this problem
as LP model and solve it to determiiie the quanttttes that the firm should buy from the two suppliers so as to
minimize I()talpurc hase cost. [Delhi (MBA) 98]

Solution. The formulation of the given problem is :

Min. (total cost} Z = 200 x, +400 x, ,

x; +3x,=400
Feasible Region
X, +2x,=350
80} (100, 100) -

w0b  xx=200 R (250, 50)

O 1 1 1 1 -
40 80 120 160 200 240 280 320 360 400

Fig. 3.15.

subject to the constraints :

X +x, 2 200, % x|+i sz 35,x; 2 0, x, 2 0.

where x), x; represent the number of quintals of scrap from two suppliers A and B respectively.

The feasiblc region is the shaded area PQR which is obtained by drawing the graph of the constraints :

X + X3 2 200, X3 + 3X2 > 400 and X| + 2X2 < 175
The coordinaltes of the corner points of the feasible region are :
P (100, 100), Q (50, 150), R (250, 50)

The Z has the min. value at the point P (100, 100). Thus the answer is x; = 100, x = 100, min.
~ Z=Rs. 60,000. .

Example 38. The standard weight of a special purpose brick is 5 kg and it contains two basic ingredients
B\ and B,. B, costs Rs. 5 per kg and B, costs Rs. 8 per kg. Strength considerations state that the brick contains

not more than 4 kg of By and minimum of 2 kg of B,. Since the demand for the product is likely to be related to
the price of the brick, find out graphically minimum cost of the brick satisfying the above conditions.

XQZ 100, — x1+
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Solution. The formulation of the given problem is : X4
Min (total cost) Z = 5x; + 8x,, 5
subject to the constraints :

X S4,x 2 2andx; +x; = 5,x; 20, x; 2 0, where 4
(x1. x2) = the amount of ingredients B; (in kg) and B, (in kg.)
respectively. The given constraints are plotted on the graph as
shown in the figure. It may be observed that feasible region has I,
two corner points P(3, 2) and Q(4, 2). The minimum value of 2 P
Zis found at P (3, 2), i.e. x; =3, x, = 2. Hence the optimum 3,2)
product mix is to havc 3 kg. of ingredient B and 2 kg. of
ingredient B of a special case brick in order to achieve the . . .

minimum cost of Rs. 31. o 1 2 34 5
Fig. 3.16.

LLLLLLLLLLL.
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1+ X3=2

‘xl

Application of LP on Management Accounts

Example 39. A local travel agent is planning a charter trip to a major sea resort. The eight-day
seven-night package includes the fare for round-trip travel, surface transportation, board and lodging and
selected tour options. The charter trip is restricted 10 200 persons and past experience indicates that there will
not be any problem for getting 200 persons. The problem for the travel agent is to determine the number of
Deluxe, Standard, and Economy tour packages to offer for this charter. These three plans each differ
according to seating and service for the flight, quality of accomodation, meal plans and tour options. The
following table summarizes the estimated prices for the three packages and the corresponding expenses for
the travel agent. The travel agent has hired an air craft for the flat fee of Rs. 2,00,000 for the entire trip.

Price and Costs for four packages per person

Tour plun Price (Rs.) Hotel costs (Rs.) Meals & other expenses (Rs.)
Deluxe 10,000 3,000 4,750
Standard 7,000 2,200 2,500
Economy 6,500 1,900 2,200

Inplanning the trip, the following considerations must be taken into account :
(i) At least 10 per cent of the packages must be of the deluxe type.

(ii) At least 35 per cent but not more than 70 per cent must be of the standard type.
(iii) At least 30 per cent must be of the economy type.
(iv) The maximum number of deluxe packages available in any air craft is restricted to 60.

{v) The hotel desires that at least 120 of the tourists should be on the deluxe and standard packages together.
The travel agent wishes to determine the number of packages to offer in each type so as to maximize the

total profit.

(a) Formulate the above as a linear programming problem.
(b) Restate the above linear programming problem in terms of two decision variables, taking advantage
of the fact that 200 packages will be sold.
(c) Find the optimum solution using graphical methods for the restated linear programming problem
and interpret your results.
Solution. Let x;, x5, x3 be the number of Deluxe, Standard & Economy tour packages restricted to 200 persons

only to maximize the profits of the concern.

[C.A. (May 91)]

per person) arising out of each type of tour package offered is as follows :

The contribution (
Package type offered Price (Rs.) Hotel Costs (Rs.) Meals, etc. (Rs.) Net profit (Rs.)
) (2) 3) @W=-12+3)
Deluxe 10,000 3,000 4,750 2,250
Standard 7,000 2,200 2,500 2,300
Economy 6,500 1,900 2,200 2,400
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Since the travel agent has to pay the flat fee of Rs. 2,00,000 for the chartered aircraft for the entire trip, the profit
{unction will be :
Max. P = Rs. (2250x; + 2300x, + 2400x;) — Rs. 2,00,000.

The constraints according to given conditions (i) to (v) are as follows :

xy 2 20 from (i) X3 2 60 from (iii) x) +x; + x3 =200,
X5 2 70 from (ii) x; €60 from (iv)
x5 < 140 from (ii) Xy + x5 2 120 from (v) and X1, X2, X320

The compact form, above constraints can be reduced to the following forms :
20 £ x; £ 60, 70 < x, 140, x3 2 60, x; + x5 2 120, x; + x5 + x3 = 200 and x, x5, x3 20, is
(a) The linear programming formation is as given above.
(b) Since x| +x; + x3 =200, i.e. x3 =200 — (x; + x;), substitute the value of x; in the above relations to
get the following reduced LPP :
Max. P = — 150x; — 100x, + 2,80,000, subjectto20 <x; <60, 70< x, <140, 120 < x; +x, < 140 and x4, x, 2 (.
(c) Graphical Solution. Refer to the following figure for the restated LP. problem in (b).

AX; 4x=20 A%, =60
140 » X, =140
130 1

120

10 \
100F g
90 (20, 100)

80 | {(60, 80)
70 <
AN B (60, 70)

60 - (50,70)
50 +

40+
30+
20 +
10t

D (20, 120)

»x,=70

O 10 20 30 40 50 60 70 80 90 100 110 120 130 140 >
Fig. 3.17.
From above figure, we compute
Corner points Coordinates of corner points Values of objective function :
P =—150x, ~ 100x, +2,80.000
A (50,70) P4 =Rs. 2,65,500
B (60,70) Pp=Rs. 2,64,000
C (60, 80) Pc=Rs. 2,63,000
D (20, 120) Pp=Rs. 2,65,000
E ' (20, 100) Pe = Rs. 2,67,000

Thus maximum profit is attained at the corner point (20, 100).

Interpretation of Solution. Maximum profit of Rs. 2,67,000 is attained when x; =20, x, =100 and
Xy= 200 - (x) + x7) = 80.

In other words, the travel agent should offer 20 Delux, 100 Standard and 80 Economy tour packages so as to get
the maximum profit of Rs. 2,67,000.

Example 40. Semicond is an electronics company manufacturing tape recorders and radios. Its per unit
labour costs, raw material costs and selling prices are given in Table 1. An extract from its balance sheet on
31.3.1994 is shown in Table 2. Its current asset/current liability ratio (called the current ratio) is 2.



UNIT 2: LINEAR PROGRAMMING PROBLEM / 35

Table 1 : Costinformation

For Products Selling Price - Labour Cost Raw Material Cost
Tape Recorder Rs. 1,000 Rs. 500 ) Rs. 300
Radio Rs. 900 Rs. 350 Rs. 400
Table 2 : Extract from Balance Sheet as on 31.3.1994
Current Liabilities (Rs.) Current Assets (Rs.)
Cash 1,00,000
* Accounts Receivable 30,000
** Inventory 70,000
Short-Term Bank Borrowing 1,00,000

* Accounts receivable is amount due from customers.

** 100 units of raw material used for tape recorder and 100 units of raw material used for radio.

Semicond must determine how many tape recorders and radios should be produced during April 94.
Demand is large enough to ensure that all goods produced will be sold. All sales are on credit and payment for
goods sold in April 94 will not be received until 31.5.94. During April 94, it will collect Rs. 20,000 in accounts
receivable and it must payoff Rs. 10,000 of the outstanding short term bank borrowing and a monthly rent of
Rs. 10,000. On 30.4.94, it will receive a shipment of raw material worth Rs. 20,000, which will be paid on May
31, 1994. The management has decided that the cash balance on April 30, 1994 must be at least 40,000. Also
its banker requires that the current ratio as on April 30, 94 be at least 2. In order to maximize the contribution
to profit for April 94 production it has to find the product mix for April 94. Assume that labour costs ( wages)
are paid in the month in which they are incurred. Formulate this as a linear programming problem and
graphically solve it. [C.A. (Nov. 94))

Solution. Formutation. Let x; and x; denote the number of units of tape recorders and radios respectively
to be produced during April 1994,

Profit per unit of tape recorder = Selling price — (Labour cost + Raw material cost)

= Rs. 1000 — (Rs. 500 + Rs. 300) = Rs. 200
Similarly, profit per unit of radio = Rs. 900 — (Rs. 350 + Rs. 400) = Rs. 150
Company wishcs to maximize its profit, therefore objective function is :
Maximize P =200x; + 150x,, subject to the following constraints :
(1) As per data given in the balanced sheet, the inventory available in the stock can be used only to
produce 100 units of tape recorder and 100 units of radio. Therefore, x; < 100 and x, < 100.
(2) The management has decided that the cash balance on April 30, 1994 must be at least Rs. 40,000.
Cashbalance = Cash in hand on March 31, 94 + Accounts receivable collected in April 94
—Bank borrowing paidoff in April - Monthly rent paid
—Labour cost paid during April 94.
= Rs. 1,00,000 + Rs. 20,000 — Rs. 10,000 — Rs. 10,000 ~ (500x, + 350x,)

The management wants cash balance on (April 30, 1994) > Rs. 40,000, i.e. (1)
Rs. 1,00,000 — 500x, — 350x, 2 Rs. 40,000
or Rs. 60,000 > 500.x, +350x, or 500x; + 350, < Rs. 60,000 .(ii)

(3) Bankers require that current ratio as on (April 30, 1994) > 2,
Current ratio = current assets/current liabilities
Now we have to find the value of cash balance, accounts receivable, inventory and current liabilities as on
April 30, 1994.
Cash balance = Rs. 1,00,000 — 500x; — 350x, . ...[from (i)]
Accounts receivables as on April 30, 1994 = Accounts receivable on March 31, 1994
+ Accounts receivable due from April sale — Accounts receivable collected during April
= Rs. 30,000 + (1000.x; + 900.x,) ~ Rs. 20,000 = Rs. 10,000 + 1000x; + 900 x,
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Inventory on April 30, 1994 = Inventory as on March 31, 1994 + Inventory received during April, 1994
—Inventory consumed during April, 1994
= Rs. 70,000 + Rs. 20,000 — (300x, + 400x,) = Rs. 90,000 - (300.x, + 400x;,)
Current assets as on April 30, 1994 = Cash balance + Accounts receivables
+ Inventory value on April 30, 1994
=Rs. 1;00,000 — 500 x, — 350x, + Rs. 10,000 + 1000x; + 900.x;,
+ Rs. 90,000 — 300x; — 400 x,
= Rs. 2,00,000 + 200x, + 150x,
Current liabilities as on April 30, 1994 = Value of bank borrowings as on March, 94
— Loan paid during April, 1994
+ Amount due on inventory received during April 1994
= Rs. 1,00,000 — Rs. 10,000 + Rs. 20,000 = Rs. 1,10,000.
But bank requires that current ratio as on April 30, 1994 be at least 2.
Rs. 2,00,000 + 200x, + 150x;
Rs. 1,10,000 -
or Rs. 2,00,000 + 200x, + 150 x; 2 Rs. 2,20,000 or 200x,; + 150x, 2 Rs. 20,000. ...(iii)
Thus the linear programming model for the Semicond is as follows :
Maximize P = 200x, + 150x,, subject to the constraints :

x, < 100, x, < 100, 500x; + 350, < 60000, 200, + 150.x, = 20000

Graphical Solution. The feasible region enclosed by the constraints is given by points A, B, C, D with
coordinates :

That is, current assets/current liabilities 22 or

A(25, 100), B(50, 100), C(100, g), D(100,0)
The profit at these coordinates is found below :
A(25, 100) : Rs. 200 x 25 + Rs. 150 x 100 = Rs. 20,000
B(50, 100) : Rs. 200 x 50 + Rs. 150 x 100 = Rs. 25,000
C(100. 200/7) : Rs. 200 x 100 + Rs. 150 x 200/7 = Rs. 24285-7

, D(100, 0) : Rs. 200 x 100 + Rs. 150 x 0 = Rs. 20,000.
Since maximum profit is attained at the point B(50, 100), Semicond can maximize its profit by producing
50 tap recorders and 100 radios during April, 1994 and the total profit contribution will be Rs. 25,000.
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Q. Exptain (i) No feasible solution, (ii) Unbounded solution. Give one example in each case.

3.3-4. Important Geometric Properties of LP Problems

Geometric properties of LP problems, which are observed while solving them graphically, are
summarized below :

[. The region of feasible solutions has an important property which is called the convexity property in
geometry, provided the feasible solution of the problem exists.

Convexity means that region of feasible solutions has no holes in them, that is, they are solids, and they
have no cuts (like AMYMNVV ) on the boundary. This fact can be expressed more precisely by saying that the
linc joining any two points in the region also lies in the region.

2. The boundaries of the regions are lines or planes.

3. There arc corners or exterme points on the boundary, and there are edges joining various corners.

4. The objcctive function can be represented by a line or a plane for any fixed value of z.

5. At least onc corner of the region of feasible solutiong will be an optimal solution whenever the
maximum or minimum value of z is finite.

6. If the optimal solution is not unique, there are points other than corners that are optimal but in any case
at lcast one corner is optimal.

7. The different situation is found when the objective function can be made arbitrarily large. Of course, no
corner is optimal in that case.

EXAMINATION PROBLEMS
1. Solve the following LP problems by graphical method :
(a) Min.z=5xy -2x;st. 2x1+3x21,x1, % 20.
[Hint. Vertices of the feasible region are : (—;—. 0), (0, %))
[Ans. x;=0, % =1/3, min.z=-2/3).

(b) Max.z=5x;+3x%;8.t. 3x; +5x%<15,5x1+2x,$10; %1, %2 20
[Hint. Vertices of the feasible region are : (0, 0), (2, 0), (20/19, 45/19) and (0, 3).}

[Ans. x; =20/19, x, =45/19, max. z=235/19]

() Max.z=2x1+3x;8t. X1+ XS 1,3 +Xx<4:x,X%20.

[Hint. Vertices of the feasible region are : (0, 0), (1, 0), (0, 1) ]
[Ans. x; =0, x, =1, max. 2=3]

(d) Max.z=5x1+7x;St. X1+ xS4,3x1 +8x2 <24, 10x; + 7x2£35 .41, 2 2 0. [Meerut 80}
[Hint. Vertices of the feasible regionare : (0, 0), (7/2,0), (7/3,5/3), (8/5, 12/5) and (0, 3).]
[Ans. x; =8/5, X, = 12/5, max. z = 124/5]

€) Min.z=-x;+2x;8t. -x;+3x% <10, X4 + X2 <6, X1 =X <2,X, X%20.

[Hint. Vertices of the feasible region are : (0, 0) (2, 0), (4, 2), (2, 4)and (0, 10/3) ]
[Ans. x;=2, x,=0, min, z2=-2]}

(f) Min.z=20x + 10x; S.t. X3 + 2x2 S 40, 3x1 + X2 230, 4x, + 3x2 260, and x4 20, x2 2 0.

[Hint. Vertices of the feasible region are : (15, 0) (40, 0), (4, 18) and (6, 12) ]
[Ans. x; =6, xp = 12, min. z = 240].

(@) Max.z=3x1+4x;8t. X —X2<~1,- X3+ %<0, Xx,x20. [Bhubneshwar (IT) 2004]
[Ans. The problem has no solution]

(h) Max.z=3x+2y;-2x+3y<9,x-5y2-20;x,y20.

[Ans. The problem has an unbounded solution}.

(i) Max.z=x7+3x2;3x1+6X258,5x1+2x2<10; %, %20.

[Hint. The vertices of the feasible region are : (0, 0), (2, 0), (11/6,5/12), (0, 4/3)
[Ans.x; =0, x; =4/3, max. z = 4]

(i) Max.z=7x1+3x%,;8t. x3+2x23,X+X<4,0<x55/2,0<x%<3/2. [(IPM (PGDBM) 2000]
[Hint. The vertices of the feasibie region are : (0, 0), (5/2, 1/4), (5/2,3/2) ,and (0, 3/2) .]

[Ans. x; =5/2, X, =3/2, max. z=22].

(k) Max.z=3x+4y;s.t. 4x+8y<32,9x+2y>14,3x/2+5y>15,wherex, y20.

[Hint. Vertices are : (3/4,29/8), (2/3,19/7), (0, 4), (0, 3).]
[Ans. x=3/4,y=29/8, max.z=17-2]
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S.

() Max.z=2x;+x2,8.L. X +2x <10, X1+ X2 S6, X - %S2, X -26<1, X, x%20. [IPM (PGDBM) 2000]
[Hint. The vertices of the feasible regionare : (0, 0), (1, 0), (3, 1), (4,2), (2, 4 and (0, 5)]
[Ans. x; =4, x; =2, max. z= 10}
Does the following LPP has a feasible solution ? Max. z= x; + X, subject to Xy — X 2 0, 3xy — X <~ 3. Show with the
help of a graph. .
[Ans. No feasible solution.]
Solve the following LPP’s graphically :

(a) Maximize z=45x; + 80x,, (b} Minimize 2= 7y, + 8y»,

subject to the constraints : subject to the constraints :

5x; + 20x, < 400 3y1+)o=8

10x; + 15x2 £ 450 y1+3p21

X1, %20 ) V1. %220

[Ans. x; =24, x; = 14, max. z=2200] [Ans. y; = 13/8, y» =25/8, min. z = 281/8]
(c) Maximize z=30x+ 40y. (d) Minimize z=- 6x; — 4xy,

subject to the constraints : subject to the constraints :

50x+ 36y < 1,00,000, 2xy + 3x2 2 30,

25x+ 36y < 91,000, 3x;y + 2x3 < 24,

x,y20 X1+ x23

Xy, %20
[Ans. x=360, y=2277.77, , max. = 1,01,911} [Ans. (i) x1=8,x=0,
(i) x; = 12/5, xp = 42/5, min. z=— 48]

(e) Maximize z=3x, + 2x;, (f) Maximize 2 =5x; + 7xz,

subject to the constraints : ’ subject to the constraints :

22Xy — X2 -2 X1+ X2<4, 3% +8x<24

X1 +2x%28 10x; + 73, £ 35

X1.X220 Xq,XgZO

[Ans. Unbounded solution} [Ans. x; =8/5, x; = 12/5, max. z = 124/5]
(g) Maximize z = 120xy + 100xz, (h) Maximize z=2x; + 3x2,

subject to the constraints : subject to the constraints :

10xy,. 5x2 < 80 X1+ X221,5x3-x20

6x1 + 6xp2 £ 66 X1+ X256

4x) + Bxp 224 Xy -5x%<0

5xy + 6x2 <90 Xp—-Xxy2-1

X1, %20. X2S$3; X1, %20

[Ans. x; = 500, x, = 600, max. z = 1200] [Ans. x; =4, x; =3, max.z= 17}

[JNTU (MCA lil) 2004, (B. Tech.) 2003]
Find the maximum and minimum value of z=5x; +3x;, subject to the constraints : x;+x <6, 2x+3x 23,
0<x23,05x23.
[Ans. x; =3, =3, min. z = 24].
Solve the LPP given below by graphical method and shade the region representing the feasible solution :
Xy =X220,x-5x22~5,and xy, Xz 20, minimumz =2x; — 10x;.
{Ans. xy=5/4,x,=5/4, min.z2=- 10}
Using graphical method find non-negative values of x; and x,, which :
(a) Maximize z= xy + 2x;, subject to the constraints :
Xy +X2S6 X+ X252, x:+3x26,-x1+3x,$10.
[Ans. x; =0, X =2, max. z=4]
{b) Minimize:z=600x; + 400x;,
subject to the constraints : 1500x; + 1500x; 2 20,000, 3000x; + 1000x; = 40,000, 2000x; + 5000x, = 44,000 .
[Ans. x; =12, x; =4, min. 2 = 8800 .]
Solve graphically the following LP problem : :
Min.Z2=3x; +5x, S.t ~3x1 +4x2$12,2X - X2 -2,2x+3% 212, XS4, %22, X1, %20 [Meerut 91]
[Ans. x; =3, X, =2, min. 2 = 19]
Mark the feasible region represented by the constraint equations :
X +x2<1,3x3+x223, x4 20, xz 2 00f alinear optimizing functionz = x; + x,.
Find optimum solution of the following problem by not using artificial variables :
Min. Zz=10x; + 10X, S.t. X3 + X2 = 10, 3x1 + 2x2 224, x; 2 0, X2 2 0. [Delhi (MCI) 2000]
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10. Find the feasible zone for the constraints x; + % 2 1, x; + 2x2 2 6, x; — X < 3, Xy 2 0 and state the redundant constraints.
If z=3x + xp, draw two iso-z lines and show the direction of improvement if z is to be minimized. Find Zmin- Also state
what can be the maximum value of z. [V.T.U. (BE Mech.) 2002]

11. Solve the following LPP : '

Maximize z= 10x + 15y, subjectto x+ y< 30, y23,x- y20,y< 12, x<20and x, y+ 0. [UNTU (B. Tech.) 2003]

12. A firm makes two types of furniture chairs and tables. The contribution for each product as calculated by the accounting
department is Rs. 20/- per chair and Rs. 30/- per table. Both products are processed on three machines My, M, Ms. The
time required in hours by each product and total time available in hours per week on each machine are as follows :

Machine Chairs Table Available Time
M, 3 3 ' 36
M; 5 2 50
M, 2 6 60
How should the manufacturer schedule his production in order to maximize contribution? Soive graphically.
[VTU (BE Mech.) 2002)
3.4. GENERAL FORMULATION OF LINEAR PROGRAMMING PROBLEM I

The general formulation of the linear programming problem can be stated as follows :
In order to find the values of n decision variables x;, x; ..., X, to maximize or minimize the objective function

Z=CX + X+ C3x3+ ...+ Oy ..(3.7)

and also satisfy m-constraints : 5
anxy+apx; +... +a1f-xj+ ces +a1,,x,, (S=Or2) b[

anxp+apx+ ... +taxit+... +ayx, (S=or2)b,

) : ‘ ) : ..(3.8
apxy+apx; +...+apx +...+a,x, (S=or2)b; 3.8

ApiX) + QX + oo + X+ o+ Ay, (S=0T2) by,
where constraints may be in the from of any inequality (< or 2) or even in the form of an equation (=), and
finally satisfy the non-negativity restrictions

x20,x%20,..,%520,..,x,20. ...(3.9)
However, by convention, the values of right side parameters b; (i=1,2,3 ..., m) are restricted to
non-negative values only. It is important to note that any negative b; can be changed to a positive value on

multiplying both sides of the constraint by — 1. This will not only change the sign of all left side coefficients
and right side parameters but will also change the direction of the inequality sign.

Q. 1. Whatdo you mean by aL.P.P.? What are its limitations ?
2. Define a general linear programming problem. {Meerut (L.P.) 90]

3. Whatis linear programming problem (LPP) ? How can formulate a given problem into LPP ?
: [IGNOU 2001, 2000, 98, 97, 96}

3.5 SLACK AND SURPLUS VARIABLES —|

1. Slack Variables. If a constraint has < sign, then in order to make it an equality, we have to add
something positive to the left hand side. {UNTU (B. Tech.) 2003; Jaunpur (B.Sc.) 96; Meerut 90]

The non-negative variable which is added to the left hand side of the constraint to convert it into
equation is called the slack variable.

For example, consider the constraints :

X +x252, le +4XZ55,X1 ,‘x220 ...(i)
We add the slack variables x3 2 0, x4 2 0 on the left hand sides of above inequalities respectively to obtain
Xy +x+x3 =2

2)(]'4‘4)?2 +X4=5
Xy, Xp,Xx3,X420.
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2. Surplus Variables. If a constraint has 2 sign, then in order to make it an equality, we have to subtract
something non-negative from its left hand side.

Thus the positive variable which is subtracted from the left hand side of the constraint to convert it into
equation is called the surplus variable.

For example, consider the constraints :
X|+X222, 2X| +4x225,andx|,x220. (ll)
We subtract the surplus variables x3 2 0, x4 2 0 from the left hand sides of above inequalities respectively
to obtain
Xy + X2 — X3 =2
2x| + 4.{2 — X4 = 5
X|, X, Xx3,%X420.

[ 3.6. STANDARD FORM OF LINEAR PROGRAMMING PROBLEM

The standard form of the linear programming problem is used to develop the procedure for solving general
lincar programming problem. The characteristics of the standard form are explained in the following steps :
Step 1. All the constraints should be converted to equations except for the non-negativity restrictions
which remain as inequalities (> ) . Constraints of the inequality type can be changed to equations by
augmenting (adding or subtracting) the left side of each such constraint by non-negative variables.
These new variables are called slack variables and are added if the constraints are (<) or subtracted if
the constraints are (2). Since in the case of 2 constraint, the subtraced variable represents the surplus
of the lcft side over the right side, it is common to refer to it as surplus variable. For convenience,
however, the name ‘slack’ variable will also be used to represent this type of variable. In this respect,
asurplus is regarded as a negative slack.
For example, consider the constraints : 3x; —4x; 27, x) + 2x, < 3.
These constraints can be changed to equations by introducing slack variables x5 and x4 respectively.
Thus, we get
3x| —4XZ'-X3= 7,.X| + 2X2+X4=3, andx3 ZO,X420.

Step 2. The right side element of each constraint should be made non-negative (if not). The right side can
always be made positive on multiplying both sides of the resulting equation by (— 1) whenever it is
necessary.

For example, consider the constraint as 3x; —4x, 2 -4

which can be written in the form of the equation 3x; — 4x, —x3 =—4

by introducing the surplus variable x; 2 0.

Again, multiplying both sides by (— 1), we get — 3x; + 4x, + x3 = 4 which is the constraint equation in
standard form.

Step 3. Allvariables must have non-negative values.

A variablc which is unrestricted in sign (that is, positive, negative or zero) is equivalent to the
difference between two non-negative variables. Thus, if x is unconstrained in sign, it can be replaced
by (x” — x”), where x” and x” are both non-negative, thatis, x” 20 and x” 2 0.

Stepd. The objective function should be of maximization form.

The minimization of a function f{x) is equivalent to the maximization of the negative expression of

this function, f (x), that is,

Min. f(x) =—Max [-f(x)]
For example, the linear objective function
Min. z=cpxy +cx + ... + ¢y, ...(3.10)

is equivalenttoMax (- z),i.e. Max z' = —cix;—caxy— ... —¢,x, Withz=-27".

Consequently, in any L.P problem, the objective function can be put in the maximization form.
Standard Form of General LPP with ‘<’ Constraints :
Now, applying above steps systematically to general form of L.P. problem with all (<) constraints, the

following standard form is obtained. Of course, no difficulty will arise to convert the general LPP with mixed
constraints (S = 2).



UNIT 2: LINEAR PROGRAMMING PROBLEM / 41

Max.z=cpxp+caxa+ ..+, +0x, 4 + ... +0x, ., L3011
subjectto
apxXy+apx oo tayx, X, =b,
U)Xy +apXs + ...+ ay, X, T X +2_ = b:’_
: : : ‘\\ ..(3.12)
AppX) + Xy + ... + LpnXn SXyem = bm
where x;20,%,20,...,x,20,x,,,20,...,x,,,20. .(3.13)

Note.

1. it should be remembered that the coefficient of slack variables x,., 1, Xn+2.--- Xn4m in the objective function are
assumed to be zero, so that the conversion of constraints to a system of simultaneous linear equations does not change
the function to be optimized.

2. Since in the case of (> 0) constraints, the subtracted variable represents the surplus variable. However, the name slack
variable may also represent this type. in this respect, a surplus is regarded as a negative slack.

Q. Define slack and surplus variables as involved in the L.P.P, How are these variables usefulin solvingaL.P.P.?
[AIMS (Banglore) MBA 2002]

Example 33. Express the following L.P. problem in standard form.
Min. z=xy = 2x; + x3, subject to :
2x)+ 30y +4x3 2 -4, 3% + Sx+ 20327, %, 20, x5 2 0and x3 is unrestricted in sign.

Solution. Procecding according to above rules, the standard LP form becomes :

Max (') = — x| + 2x; — (x3” — x3”’), where 2’ = — z, subject to

—2x=3x—4 (x3" —x3") + x4 =4
3x;+ 5%, 42 (x3" —x3”) -xs =7
X120,x20,x720,x3720,x,20,x520.

Of course, the number of variables will now increase to six.

3.7. MATRIX FORM OF LP PROBLEM I

The linear programming problem in standard form [(3.11), (3.12), (3.13)] can be expressed in matrix form as
follows :

Maximize z=CX" (objective function)
subjecttoAX=b,b2>0 (constraint equation)
Xx20. (non-negativity restriction)
where X= (X X2 ey Xy s Xy s ooes X)) s
C =(C| 1€y ey €y O, O, eeey 0), andb=(b| y bz, . vbm)'
iy 42 ... 4 1 0 ... 0
A= das) az'_'» (12,', 0 l 0
Uy Qo - - Ay 00 .. 1
Similar treatment can be adopted in the case of mixed constraints (<, =, 2). Following example will make this

point clear. ,

The vector X is assumed to include all decision variables, (i.e. original, slack and surplus). For convenience, X
is used to represent all types of variables. The vector C gives the corresponding cocfficients in the objective
function. For example, if the variable is slack, its corresponding coefficient will be zero.

Example 42. Express the following LP problem in the matrix form.

Max. z=2x, + 3x, + 4x3, subject to
Xp+xy+x325, 6 +2x6=7,58 -2+ 3539, and x,20,x,20,x;20.
Solution. This problem can be written in standard form as
Max. z=2x; + 3x, + 4x3+ Oxy + Oxs or Max.z=(2,3,4,0,0) (x, x2x3x4x5)r
SUbjCCl to Xy + Xy +X3— X4 = S, X+ 2X2= 7, le - 2,\’2 + 3X3 + X5 = 9
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or

[, QS
|

NN
w QO -

-1 0 57
0 0 7
0 1 9 |

Thercfore, X = (X, xa X3 x4 Xs) ~~(2 3 4 0 0),b =(5 7 9)", and
-1 0
A= 1 2 0 0
5 -2 3 0 1

3.8 SOME IMPORTANT DEFINITIONS

Following arc dcfined a few important terms for standard LPP (3.1, 3.2, 3.3) which are necessary to understand
further discussion.

0.

Note.

Solutionto LPP. Any setX = {x,, Xa, .... X, 4 »} Of variables is called a solution to LP problem, if it
satisfics the set of constraints (3.12) only.

Feasible Solution (FS). Any sctX = {x,. Xy, ..., X, 4} Of variables is called a feasible solution (or
programme) of L.P. problem, if it satisfies the set of constraints (3.12) and non-negativity restrictions
(3.13)also.

Basic Solution (BS). A basic solution to the set of constraints (3.12) is a solution obtained by setting
any 1 variables (among m + n variables) equal to zero and solvmg for remaining m variables,
provided the determinant of the coefficients of these m variables is non-zero. Such m variables (of
course, some of them may be zero) are called basic variables and remaining n zero-valued variables
arc callcd non-basic variables. [Bhubnaeshwar (IT) 2004; JNTU (B. Tech) 98]

M , which is the

The number of basic solutions thus obtained will be at the most ™ *"C,, =

numbcr of combinations of 7 + m things taken /m at atime.

Basic Feasible Solution (BFS). A basic feasible solution is a basic solution which also satisfies the
non-ncgalivity restrictions (3.13), that is, all basic variables are non-negative.  [JNTU. MCA (lll) 2004]
Basic feasible solutions are of two types :

(a) Non-degenerate BFS. A non-degenerate basic feasible solution is the basic feasible solution
which has cxactly m positive x; (i =1, 2, ..., m). In other words, all m basic variables are positive,
and the remaining n variables will be all zero.

(b) Degenerate BFS. A basic feasible solution is called degenerate, if one or more basic variables
arc zero-valued. [JNTU. MCA (lil) 2004]

. Optimum Basic Feasible Solution. A basic feasible solution is said to be optimum, if it also

oplimizes (maximizes or minimizes) the objective function (3.11).  [JNTU. MCA(il) 2004; Meerut (L.P) 90]
Unbounded Solution. If the value of the objective function z can be increased or decreased

indcfinitely, such solutions are called unbounded solutions. {Meerut 90]
Unless otherwise stated, solution means a feasible solution. However, an optimum solution to a linear programming
problem imply that z has a finite maximum or finite minimum.

. Forthe system AX=bofm Iivnear equations in nunknowns (m < n) with rank(A) = m, define a basic solution.

[Meerut (IPM) 91]
Explain the term optimal solutuon toaLPP. [AIMS (Bangalore) MBA 2002]
Define :
(i) Feasible Solution
(i) Basic Solution [JNTU MCA (lil) 2004; (B. Tech.) 98]
(i) Basic Feasible Solution [VTU (BE Mech.) 2002; Kanpur 96]
(iv) Non-dgenerate BFS [JNTU. MCA (Ill) 2004}

(v) Degenerate BFS
(vi) Optimum Basic Feasible Solution [JNTU. MCA (lil) 2004; Kanpur 96; Meerut (Stat.) 95 ; (Math.) 90}
(vii) Unbounded Solution. [UNTU (B. Tech) 98]
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Exampled3. Find all basic solutions for the system of simultaneous equations :
2x1+3x2+4x3=5 and 3x1+4x2+5x3=6.
Solution. First decide the maximum number of basic solutions. The maximum possible number of basic

. . 3!
solutions willbe *Cy = —=-—— =3,
’ =@y
Now, put.x; = 0 and solve for x, and x; . The values of X2, x3thusobtainedare :x, =~ 1, x; = 2.
Again, put x, = 0 and solve for x; and x;. The values ofxj, xzare:x; =—2,x3= %
Finally, put.x; = 0 and solve for x, and x, . The values ofxj, xyare:x; =—2.x,=3.

This verifies that only three basic solutions exist which are non-degenerate and infeasible also.

EXAMINATION PROBLEMS
1. Determine all basic feasible solutions of the system of equations 2x; + xp + 4x3 =11, 3xy + X, 5x3 = 14.
[Ans. ()x =8, x=5,x3=0;(i) xy=1/2, =0, x3=5/2]
2. Forthe following system of linear equations, determine all the extreme points and their corresponding basic solutions:
X1+ X+ 5x3+ X4 =12,2x + 4%+ X3+ 2x5 =8, where X, xp, X3,X4,X%20.
3. Find all the basic solutions of the equations : 2xy + 6x, + 2X3+ X3 =3,6X1 +4Xp +4x3 + 6Xg =2
[UNTU (MCA Ili) 2004; Kanpur B.Sc. (i) 2003; Meerut (L.P.) 90)
[Ans. 0,0,2,-1),(8/3,0,0,-7/3),(0,1/2,0,0),(0,1/2,0,0),(0, 1/2, 0, 0) and (- 2, 0,7/2,0)]
4. Show that the feasible solution xy=1,x=0,x3=1andz=6 to the system of equations : xy+x+x3=2,
X1=X2+Xx3=2,x20 (=1, 2, 3)whichminimize z= 2x; + 3x, + 4x3, is not basic. v [Kanpur B.Sc. 95]
§. Find all basic feasible solutions for the problem Max. z= Xy + 2xz such that xy + X, < 10, 2x; — x2 < 40 and xy, X 2 0.
[VTU (BE Mech.) 2002]

L3.a. ASSUMPTIONS IN LINEAR PROGRAMMING PROBLEM j

As examined from above examples, following are the assumptions in linear programming problem that limit
its applicability.

(a) Proportionality. A primary requirement of linear programming problem is that the objective function
and every constraint function must be linear. Roughly speaking, it simply means that if 1 kg of a product costs Rs.
2, then 10 kg will cost Rs. 20. If a steel mill can produce 200 tons in 1 hour, it can produce 1000 tons in 5 hours.

Intuitively, linearity implies that the product of variables such as x, x,, powers of variables such as x32 ,and
combination of variables such as a;x; + a, log x,, are not allowed.

(b) Additivity. Asdiscussed in Example 1 (page 54), additivity means if it takes #; hours on machine G
to make product A and 1, hours to make product B, then the time on machine G devoted to produce A and B
bothis ¢; +1,, provided the time required to change the machine from product A to B is negligible.

The additivity may not hold, in general. If we mix several liquids of different chemical composition, then
the total volume of the mixture may not be the sum of the volume of individual liquids.

(c). Multiplicativity. It requires :

(i) ifittakes one hour to make a single item on a given machine, it will take 10 hours to make 10 such
items; and

(i) the total profit from selling a given number of units is the unit profit times the number of units
sold.

(d) Divisibility. It means that the fractional levels of variables must be permissible besides integral values.

(¢) Deterministic. All the parameters in the linear programming models are assumed to be known
exactly. While in actual practice, production may depend upon chance also. Such type of problems, where
some of the coefficients are not known, are discussed in the extension of sensitivity analysis known as
parametric programming.

Significance of Assumptions :

A practical problem which completely satisfies all the above assumptions for linear programming is very
rare indeed. Therefore, the user should be fully aware of the assumptions and appoximations involved and
should satisfy himself that they are justified before proceeding to apply linear programming approach.
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Q. 1. State clearly the basic assumptions that are made in LPP.
2. What are the major assumptions in Linear Programming ? [JNTU (Mech. & Prod.) 2004]

r3.10. LIMITATIONS OF LINEAR PROGRAMMING

Inspite of widc arca of applications, some limitations are associated with linear programming techniques.
These are stated below :

1. In some problems objective functions and constraints are not linear. Generally, in real life situations
concerning business and industrial problems constraints are not linearly treated to variables.

2. Therc is no guarantee of getting integer valued solutions, for example, in finding out how many men
and machines would be required to perform a particular job, rounding off the solution to the nearest integer
will not give an optimal solution. Integer programming deals with such problems.

3. Lincar programming model does not take into consideration the effect of time and uncertainty. Thus
the model should be defined in such a way that any change due to internal as well as external factors can be
incorporated.

4. Somctimes large-scale problems cannot be solved with linear programming techniques even when
the computer facility is available. Such difficulty may be removed by decomposing the main problem into
several small problems and then solving them separately.

5. Paramcters appearing in the model are assumed to be constant. But, in real life situations they are
ncither constant nor deterministic.

6. Lincar programming deals with only single objective, whereas in real life situations problems come
across with multiobjectives. Goal programming and multi-objective programming deal with such problems.

Q. What are the limitations of linear programming technique ?

3.11. APPLICATIONS OF LINEAR PROGRAMMING I

In this section, we discuss some important applications of linear programming in our life.

1. Personnel Assignment Problem. Suppose we are given m persons, n-jobs, and the expected productivity
c;j of ith person on the jth job. We want to find an assignment of persons x;; 2 0 for all i and j, to n jobs so that the
average productivity of person assigned is maximum, subject to the conditions :

n n
le” < a; and EIX”Sb’,
j= i=
where g; is the number of persons in personnel category i and b; is the number of jobs in personnel category j.
For dctails, refer the chaper of Assignment Problems.

2. Transportation Problem. We suppose that m factories (called sources) supply n warehouses (called
destinations) with a certain product. Factory F; (i=1 2, ..., m) produces g; units (total or per unit time), and
warchouse W, (j=1,2,3 ....n) requircs b; units. Suppose that the cost of shipping from factory F; to
warchouse W is dircctly proportional to the amount shipped; and that the unit cost is c;;. Let the decision
variables, x;;, be the amount shipped from factory F; to warchouse W;. The objective is to determine the

m n .
number of units transported from factory F; to warchouse W so that the total transportation costX X cj; x;; is
i=1j=1
minimized. In the mean time, the supply and demand must be satisfied exactly.

Mathematically. this problem is to find x;(i=1,2.....m:;j=1,2,...,n) in order to minimize the total transportation cost
moon . L. .
z=2 X wjj(e). subject to the restrictions of the form
(= lj=1
n )
T xj=a, i=1,2,...,m(factory)
j=1
m .
v =b;, j=1,2,...,n(warehouse)
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m n
T ;=% b, and x; 20,(i=1,2,..., m;j=1,2,...,n).
i=1 j=1 '

For detailed discussion, refer chapter 10 on Transportation Problem.

3. Efficiencing on Operation of System of Dams. In this problem, we determine variations in water storage
of dams which gencrate power so as to maximize the energy obtained from the entire system. The physical
limitations of storage appear as inequalities.

4. Optimum Estimation of Executive Compensation. The objective here is to determine a consistent plan
of exccutive compensation in an industrial concern. Salary, job ranking and the amounts of each factor required on
the ranked job level are taken into consideration by the constraints of linear programming.

5. Agricultural Applications. Linear programming can be applied in agricultural planning for allocating the
limited resources such as acreage, labour, water, supply and working capital, etc. so as to maximize the net revenue.

6. Military Applications. These applications involve the problem of selecting an air weapon system
against gurillas so as to keep them pinned down and simultaneously minimize the amount of aviation gasoline
uscd, a variation of transportation problem that maximizes the total tonnage of bomb dropped on a set of
targets, and the problem of community defence against disaster to find the number of defence units that should
be used in the attack in order to provide the required level of protection at the lowest possible cost.

7. Production Management. Linear programming can be applied 1n production management for
determining product mix, product smoothing, and assembly time-balancing. '

8. Marketing Management. Linear programming helps in analysing the effectiveness of advertising
compaign and time based on the available advertising media. It also helps travelling sales-man in finding the
shortest route for his tour.

9. Manpower Management. Linear programming allows the personnel manager to analyse personnel
policy combinations in terms of their appropriatencss for maintaining a steady-state flow of people into
through and out of the firm.

10. Physical Distribution. Linear programming determines the most economic and efficient manner of
locating manufacturing plants and distribution centres for physical distribution.

Besids above, lincar programming involves the applications in the area of administration, education,
inventory control, flect utilization, awarding contract, and capital budgeting etc.

Q. 1. Giveabrief account of applications of linear programming problem.
2. Explain the meaning of a Linear Programming Problem stating its uses and give its limitations. [C.A. (May) 95]
3. State in brief uses of linear programming Technique.

[ 3.12. ADVANTAGES OF LINEAR PROGARMMING TECHNIQUES —I

The advantages of lincar programming techniques may be out-lined as follows :

I Lincar programming technique helps us in making the optimum utilization of productive resources. It
also indicates how a decision maker can employ his productive factors most effectively by choosing and
allocating these resources. _

¢ 2. The quality of decisions may also be improved by linear programming techniques. The user of this
technigue becomes more objective and less subjective.

3. Linear programming technique provides practically applicable solutions since there might be other
constraints operating outside the problem which must also be taken into consideration Jjust because, so many
units must be produced does not mean that all those can be sold. So the necessary modification of its
mathematical solution is required for the sake of convenience to the decision maker. _

4. In production processes, high lighting of bottlenecks is the most significant advantage of this
technique. For example, when bottlenecks occur, some machines cannot meet the demand while others remain
idle for some time.

Q. 1. What are the advantages of Linear Programming Technique ?
2. Give the properties of a Linear Programming Problem. [UJNTU (B. Tech.) 2003)
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SELF EXAMINATION PROBLEMS

1. A manufacturer of Furniture makes two products : chairs and tables. Processing of these products is done on two
machines Aand B. A chair requires 2 hours on machine A and 6 hours on macine B. A table requires 5 hours on
machine A and no time on machine B. There are 16 hours of time per day available on machine A and 30 hours on
machine B. Profit gained by manufacturer from chair and a table is Re. 1 and Rs. 5 respectively. What should be daily
production of each of the two products ? [Bikaner 92 (S)]
[Hint. Solve graphically. Formulationis : Max.z= x; + 5x3, s.t. 2x; + 5x, < 16, 6x; <30, and x; X, 20.

Vertices of feasible region are : (0, 0),(6, 6/5), (0, 3-2)]
[Ans. 32 tables, no chair, max, profit= Rs. 16].

2. The ABC Electric Appliance Company produces two products : Refrigerators and ranges. Production takes place in two
separate depantments. Refrigerators are produced in Dapartment | and ranges are produced in Department Il. The
company’s two products are produced and sold on a weekly basis. The weekly production cannot exceed 25
regrigerators in Department | and 35 ranges in Department Ii, because of the limited available facilities in these two
departments. The company regularly employs a total of 60 workers in the two departments. A refrigerator requires 2
man-week of labour, while a range requires 1 man-week of labour. A refrigerator contributes a profit of Rs. 60 and a
range contributes a profit of Rs. 40. How many units of refrigerators and ranges should the company produce to realize a
maximum profit ? [Delhi (M. Com.) 93]
[Hint. Formulation : Max.z =60xy +40x,;8.t. 2x; + X, <60, 0<x;<25,0< % < 35.

Vertices of the feasible region are : (0, 0), (25, 0), (25, 10), (25/2, 25), (0, 35)]
[Ans. 12.5 refrigerators, 35 ranges, max. profitz = Rs. 2150].
3. Afarmis engaged in breeding pigs. The pigs are fed on various products grown on the farm. In view of the need to ensure

certain nutrient constituents, it is necessary to buy products (call them A and B) in addition. The contents of the various
products, per unit, in nutrients are vitamins, proteins etc. is given in the follwoing table :

Nutricnts . Nutrient Content Min. Amount
in of Nutrient
A B
M, 36 6 108
M, 3 12 36
M, 20 10 100

The last column of the above table gives the minimum amount of nutrient constituents M, , My, M3 which must be given
to the pigs. If the products A and B cost Rs. 20 and Rs. 4 per unit respectively, how much each of these two products
should be bought so that the total cost is minimized ?

[Hint. Formulation : Min. z = 20x; + 40x,, s.t. 36xy + 6x3 2 108, 3xy + 12x2 236, 20xy + 10x2 2 100; Xxq, X2 2 0]
[Ans. 4 units of product A, 2 units of product B, Min. Cost = Rs. 160].

4. A company produces two types of leather belts, say type A and B. Belt A is of superior quality and belt B is of a lower
quality. Profits on the two types of belt are 40 and 30 paise per belt, respectively. Each belt of type A requires twice as
much time as required by a belt of type B. If all belts were of type B, the company would produce 1,000 belts per day. But
the supply of leather is sufficient only for 800 per day. Belt A requires a fancy buckle and 400 fancy buckles are available
for this, per day. For belt of type B, only 700 buckles are available per day. How should the company manufacture the
two types of belt in order to have maximum overall profit ? [Jodhpur 93]
[Hint. Formulation is : Max. z = 0-40x; + 0-30x;, S.t. X1 + X <800. 2x; + X2 <1000,0< x, £400,0<x,<700.

Graphically . Vertices of feasible region are : (0, 0), (400, 0), (400, 200), (200, 600), (100, 700), (0, 700)].
[Ans. 200 belts of type A, 600 belts of type B, max. profit= Rs. 260] .

5. Acompany selis two different products A and B. The company makes a profit of Rs. 40 and Rs. 30 per unit on products
A and B respectively. The two products are produced in a common production process and are sold in two different
markets. The production process has a capacity of 30,000 man-hours. It takes 3 hours to produce one unit of A and one
hour to produce one unit of 8. The market has been surveyed and company officials feel that the maximum number of
units of A that can be sold is 8,000 and the maximum of Bis 12,000 units. Subject to these limitations, the products can
be sold in any convex combinations.

Formulate the above problem as a L.P.P. and solve it by graphical method.

[Hint. Formulation of the problem is : Max. z = 40xy + 30x3, s.t., 3x; + X < 30,000, 0 < x4 £ 8,000, 0 S X < 12,000.
Vertices of the feasible region are : (0, 0), (8000, 0), (8000, 6000), (6000, 12000), (0, 12000)].

[Ans. xy = 6000 units of A, x, = 12000 units of B, max. z = Rs. 6,00,000] .

6. A person require 10, 12 and 12 units of chemicals A, B and C respectively for his garden. A liquid product contains 5, 2
and one units of A, Band Crespectively per jar. A dry product contains, 1, 2 and 4 units of A, Band C per carton. If the
liquid product sells for Rs. 3 per jar and the dry product sells for Rs. 2 per carton, how many of each should be purchased
to minimize the cost and meet the requirements. [Banasthali (M.Sc.) 93]
[Hint. Formulation:Min.z=3x; +2xp, 8.t 5X1+ X2 2 10,2x1 + 2x2 212, x; +4x 2 12 and x1, % 2 0.

The vertices of the feasible regionare : (12, 0), (4, 2), (1, 5), (0, 10)].
[Ans. x; = 1 unit of liquid product, x; = 5 units of dry product, min. cost of Rs. 13].
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An automobile manufacturer makes automobiles and trucks in a factory that is divided into two shops. Shop A, which
perform the basic assembly operation must work 5 man-days on each truck but only 2 man-days on each automobile.

[Hint. Formulationis : Max. z = 300x; + 200x;; S.t. 5x; + 2x, < 180 ,3X1+3x% 5135, x1, %22 0]
[Ans. x; =30 trucks, x, = 15 automnbiles per week, max. z = Rs. 12,000].

The manager of an ol refinary must decide on the optimal mix of two possible blanding processes of which the inputs and
outputs per production run are as follows :

Process Input (Units) Output (Units)
Crude A Crude B Gasoline X Gasoline Y
1 S 3 5 8
2 4 S 4 4

The maximum amounts available of crude A and Bare 200 units and 150 units respectively. Market requirements show
that at least 100 units of gasoline X and 80 units of gasoline ¥ must be produced. The profits per production run from
process 1 and process 2 are Rs. 300 and Rs. 400 respectively. Solve the LP problem by graphical method.

[Gujarat (M.B.A) 1998]
[Hint. Formuilationis: Max.z = 300x1‘ + 400x;, s.t.
Sx) +4x; 200, 3x; + 5x, < 150, 5x +4x22100, 8x;1 +4x2,2 80, X1, x, 2 0.
The vertices of the feasible regionare: (20, 0), (40, 0), (400713, 150/13), (0, 30), (0, 25)).
[Ans. x; =400/13, x, = 150/13, Max. z = 1,80,000/13 ]

A manufacturer makes two products Py and P, using two machines M, and M, . Product P requires 2 hours on machine
M, and 6 hours on machine M, . Product P requires 5 hours on machine M, and no time on machine M, . There are 16
hours of time per day available on machine M; and 30 hours on M, . Profit margin from P; and P, is Rs. 2and Rs. 10 per
unit respectively. What should be the daily production mix to optimize profit 7

[Ans. P, =32, P,=0, max profit = Rs. 16.]

Upon completing the construction of his house Dr. Sharma discovers that 100 square feet of plywood scrap and 80
square feet of white-pine scrap are in usable form for the construction of tables and book cases. it takes 16 square feet of
plywood and 8 square feet of white-pine to make a table; 12 square feet of plywood and 16 square feet of white-pine are
required to construct a book case. By selling the finished products to a local furniture store, Dr. Sharma can realise a
profit of Rs. 25 on each table and Rs. 290 on each book case. How may he most profitably use the left-over wood ? Use
graphical method to solve the problem.
[Hint. Farmulation of this problem is :

Max. z = 25x; + 20x;, subject to the constraints : 16x1 + 12x%, < 100, 8x; + 16x, < 80; X1, X2 2 0}.
[Ans. 4 tables, 3 book-cases, max. profit= Rs. 160).

A television company has three major departments for manufacture of its two models, A and B. Monthly capacities are
given as follows :

Departiments Per unit time requirements (hours) Hours available this month
Model A Model B
1 4.0 2:0 1600
I 25 1-0 1020
111 45 1-5 1600

The marginal profit of model Ais Rs. 400 each and that of model Bis Rs. 100 each. Assuming that the cbmpany can sell
any quantity of either product due to favourable market conditions, determine the optimum out-put for both the models,
the highest possibie profit for this month and the slack time in the three departments.
[Hint. Formulation of the problem is : Max, z = 400x, + 100x; , subject to

4x) +2x2 < 1600, 2.5x; + X < 1200, 4.5x; + 1.5 x < 1600; x; , X2 2 0]
[Ans. x;=3200/9, x, =0, max. z= 128000/9].

A caterer knows that he will need 40 napkins on a given day and 70 napkins the day after. He can purchase napkins at 20
paise each and, after they are purchased, he can have dirty napkins laundered at 5 paise each for using the next dary. In
order to minimize his costs, how many napkins should he purchase initially and how many dirty napkins should have
laundered.

[Hint. Formulation of the problem s : Max.z = 0-20xy + 0-05x;, subjectto x; > 70, x, > 40, Xy, X 2 0]

[Ans. The caterer should buy 70 napkins and have 40 laundered after the first day).

A salesman handles two products. He does not expect to sell more than 10 units/month of product A or 39 units/month of
product B. To avoid a penalty he must sell at least 24 units of product 8. He receives a commission of 10 per centon all
sales, and he must pay own costs, which are estimated at Rs. 1.50 per hour spent on making calls, he works only part
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time and therefore is willing to work a maximum of 80 hours/month. Product A sells for Rs. 150 per unit and requires an
average of 1-5 hours on every call; the probability of making a sale is 0-5 . Product Bselis for Rs. 70 per unit and requires
an average of 30 minutes on every call; the probability of making a sale is 0-6.

How many calls per month should he make on customers for each product. .

The ABC company wishes to plan its advertising strategy. There are two media under consideration, call them magazine
| and magazine Il. Magazine | has a reach of 2,000 potential customers and magazine Il has a reach of 3,000 potential
customers. The cost per page of advertising is Rs. 400 and Rs. 600 for magazines | and Il respectively. The firm has a
monthly budget of Rs. 6,000. There is an important requirement that the total reach for the income group under Rs.
20,000 per annum, should not exceed 4,000 potential customers. The reach in magazine | and magazine ! for this
income group is 400 and 200 potential customers. How many pages should be brought in the two magazines to
maximize the total reach. Solve it graphically. [AIMS (BE ind.) Bang. 2002]

A publisher of text books is in the process of presenting a new book to be marketed. The book may be bound by either
cloth or hard paper. Each cloth bound book sold contributed Rs. 30, and each paper bound book contributed Rs. 28. It
takes 10 minutes to bind a cloth cover, and 9 minutes to bind a paper-back. The total available time for binding is 800
hours. After considerable market survery, itis predicted that the cloth cover sales will exceed at least 10,000 copies, but
the paper-back sales will be no more than 6000 copies.

Draw the feasible region which corresponds graphically to each constraint, and find the optimat solution.

A pouitry producer must feed his stock daily at least 124 units of nutritional element A and 60 units of nutritional element
B. He has available twa feeds. One kg. of feed 1 costs Rs. 16 and contains 10 units of A and 3 units of 8. One kg. of feed
2 costs Rs. 14 and contains 4 units of Aand 5 units of B. Determine least expensive adequate diet, by graphical method.
The ABC company has been a producer of picture tubes to telivision sets and certain printed circuits for radio. The
company has just expanded into full scale production and marketing of AM and AM-FM radio. It has built a new plant
that can operate 48 hours per week. Production of an AM radio in the new plant will require 2 hours and production of an
AM-FM radio will require 3 hours. Each AM radio will contribute Rs. 40/- to profits while an AM - FMradio will contribute
Rs. 80/- lo profits. The marketing department after extensive research, has determined that a maximum of 15 AMradios
and, 10 AM—FM radios can be sold each week.

(i) Formulate a linear programming model to determine the optimumn production mix of AM and AM-FMradio that will
maximize profits.

(i) Solve the above problem using graphical method. [Delhi (M.B.A) Nov. 98]
[Hint. The formulation is : Max. z= 40x; + 80xp, .t 2x; + 3x2 <48, x1 15, 2210, X1 20, X2 2 0]
[Ans. x; =9, xo = 10 and max z=1,160]

The ABC clothing stores is making plans for its annual shirt and pants sale. The owner Mr. Jain is planning to use two
different types of advertizing, viz. radio and newspaper ads to promote the sales. Based on past experience, Mr. Jain
feels confident that each newspaper ad will reach 40 shirt customers and 80 pant customers. Each radio ad will reach 30
shirt-customers and 20 pant-customers, he feels. The cost of each newspaper ad is Rs. 300 and the cost of each radio
spotis Rs. 450. An advertizing agency will prepare the advertizing and it will require 5 man-hours of preparation for each
newspaper ad and 15 man-hours ot preparation for each radio spot. Mr. Jain’s sales manager says thata minimum of 75
man-hours should be spent on preparation of advertizing in order to fully utilize the service of advertizing agency. Mr.
Jain feels that in order to have a successful sale the advertizing must reach at least 360 shirt costomers and at least 400
pant customers.

(i) Formulate a linear programming model to determine how much advertizing should be done using each media in
order to minimize costs and still attain the objectives of Mr. Jain.

(i) Solve the above problem by graphical method.
A city police department has the following minimal daily requirement for police officers during the six shift periods :

Time of Day L 2am~6am. 6am-10am. 10am=2pm. 2pm—6pm. 6pm—-10p.m. 10p.m~2an.
Peirod : 1 2 3 4 5 6
Minimal No. Required : 22 55 88 110 44 33

An officer must start at the beginning of a 4 hour stift and stay on duty for two consecutive shirts (an 8-hour four). Any one
starting during 6 stays on duty during period 1 of the next day. The objective of the police department is to always have on
duty the minimal number required in a period but to so with the least number of officers. Develop the corresponding linear
programming model. [1AS (Maths.) 99]
You are operating Narula’s drive-in franchise and are contemplating trying an exprimental 24-hour operation. History of
previous operations and estimates indicate that the following number of counter (clerks) will be needed

Time of day : 60 10-14 14-18 18-22 22-02 02-06
Counter clerks required : 8 11 7 14 S 4
Each clerk works on eight consecutive hour shift. How would you schedule the clerks to satisfy these requirements while
minimizing your daily clerk force ? Formulate this problem as linear programming problem. [Delhi (MBA) April 92]

A manufacturer produces two different models, X and Y of the same product. The raw materials r, r, are required for
production. At least 18 kg of ry, and 12 kg of r; must be used daily. Also, at most 34 hours of labour are to be utilised. 2 kg
of ry’ are needed for each model X and 1 kg of ry for each model Y. For each model of Xand Y, 1 kg of ry is required. It
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takes 3 hours to manufacture a model X and 2 hours to manufacture a modei Y. The profit is Rs. 50 for each model X
and Rs. 30 for each model Y. How many units of each model shoutd be produced to maximize the profit.

[Hint. The formulation of the problem is; Max z=50x; + 30Xz, st. 2x1+ X218, X1+ X212, 3x;+2x < 34,
X120,x20. :

Ans. x; = 10, x; = 2 and max z = 560.)

22. An investor has money making activities A;, A, A3 and A4. He has only one lakh rupees to invest. in order to avoid
excessive investment, no more than 50% of the total investment can be placed in activity A, and/or activity A;. Activity
A, is very conservative, while activity A, is speculative. To avoid excessive speculation atleast Re. 1 must be invested in
activity A, for every Rs. 3invested in activity A. The data on the return on investment are as follows :

Activity Anticipated Return on Investment (%)
Ay 10
A, 12
A; 14
Ay 16

The investor wishes to know how much to invest in each activity to maximize the total return on the investment.
[Delhi (MBA) Nov. 96]

23. Letus assume that you have inherited Rs. 1,00,000 from your father-in-law that can be invested in a combination of two
stock portfolios, with the maximum investment allowed in either portfolio set at Rs. 75,000. The first portfolio has an
average rate of return of 10%, whereas the second has 20%. In terms of risk factors associated with these portfolios, the
first has a risk rating of 4 (on a scale from 0 to 10), and the second has 9. Since you wish to maximize your return you will
not accept an average rate of return below 12% or a risk factor above 6. Hence you then face the important question.
How much should you-invest in each portfolio ? Formulate as a linear programming problem and solve it by graphical
method. [C.A. (May) 99]

24. A company need 50 new machines. The machines have an economic life of two years and can be purchased for Rs.
4,500 or leased for Rs. 2,800 per year. The purchased machines at the end of two years, have no salvage valus.
Company has Rs. 1,00,000 in uncommitted funds that can be used for the purchase or lease of machines at the
beginning of year 1. The company can obtain a loan of upto Rs. 2,00,000 at 18 per cent interest per year. According to
the terms of the loan, the company has to repay the amount borowed plus the interest at the end of each year. Each
machine can earn Rs. 3,000 per year. The earnings from the first year can be used to lease costs and the repayment of
debts at the start of second year. The company wants to minimize the total cost of purchasing machines or leasing
machines during the years 1 and 2 and to minimize the interest payment on funds borrowed to obtain the machines.
Formulate this problem as a linear programming problem. [Delhi (MBA) 98]

25. The PQR Stone company sells stone secured from any of three adjacent quarries. The stone sold by the company must
conform to the following specifications :

Material X equal to 30%,
Material Y equal to or less than 40%
Material Zbetween 30% and 40%.

Stone from quarry A costs Rs. 10 per tonne and has the foliowing properties :

. Material X~—20%; Material Y—60% and Material Z—20%.

Stone from quarry B costs Rs. 12 per tonne and has the following properties :
Material X—40%; Material Y—30% and Material Z—30%

Stone from quarry C costs Rs. 15 per tonne and has the following properties :
Material X—10%; Material Y—40% and Material Z—50%.

Formulate the above as a linear programming problem to minimize cost per tonne. (Delhi (M.B.A.) April 99)
[Hint. The data can be summarized as follows :
A B C
X 20% 40% 10% = 30%
Y 60% 30% 40% < 40%
VA 30% 30% 50% between 30% & 40%
Costs 10 12 15
The problemis : Min. z = 10x; + 12X + 15x3

St2x1+4x3+ X3 = 3,6X1+3X% +5x3 < 4,2x;+3x+5x3 < 4,
2X1+3x+5x32 3:x,%,x 2 0]
26. Formulate a linear programming model for the following inventory and work force balance problem :

Your production requirements in each of the next five months are :
12,000 15,000 10,000 14,000 6,000



